arXiv:2305.19762v1 [math.AP] 31 May 2023

Existence and Stability of Random Transition Waves
for Nonautonomous Fisher-KPP Equations with

Nonlocal Diffusion

Min Zhao *, Rong Yuan

Laboratory of Mathematics and Complex Systems (Ministry of Education),
School of Mathematical Sciences, Beijing Normal University,
Bewjing 100875, People’s Republic of China

Abstract: In this paper, we study the existence and stability of random
transition waves for time heterogeneous Fisher-KPP Equations with nonlocal
diffusion. More specifically, we consider general time heterogeneities both for
the nonlocal diffusion kernel and the reaction term. We use the comparison
principle of the scalar equation and the method of upper and lower solutions
to investigate the existence of random transition wave solution when the wave
speed is large enough. In addition, we show the stability of random transition
fronts for non-autonomous Fisher-KPP equations with nonlocal diffusion.
Keywords Random transition waves; non-autonomous Fisher-KPP equa-
tions; nonlocal diffusion; comparison principle

Mathematics Subject Classification 35K55, 35C07, 35B35, 45G10,
92D25

1 Introduction

In this paper, we study the existence and stability of transition wave solution for the following

non-autonomous Fisher-KPP equations with nonlocal dispersal

%(t,x) = /RJ(Htw,y)[u(t,x —y) —u(t,z)]dy + a(fw)u(t, z)(1 — u(t, z)), (1.1)

where t € R, z € R, w € Q, (Q, F,P, {0 }+er) is an ergodic metric dynamical system on 2, and
a:Q — (0,00) is measurable, and a“(t) := a(fw) is locally Holder continuous for every w € .
Here J¥ := J(f;w,y) denotes a nonnegative dispersal kernal. The state variable u = (¢, x)
represents the population density of the species located at time ¢ and the spatial position z € R.

System ([LLI]) describes the temporal and spatial evolution of species invasions into some empty

environments. Here we not only give the time-dependent Fisher-KPP term, but also consider
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the time-varying dispersal kernel function J“. The kernel function J“ satisfies the following

assumptions.

Assumption 1.1 (Kernel J¥ = J(6w,y)). The kernel J* : Q x R — [0,00) satisfies the

following assumptions:

(i) The function J* is measurable, nonnegative and J(-,y) € LT (Q, F,P) for almost every
yeR;

(ii) The map J* : y — J(-,y) from R into L®(Q, F,P) is measurable and integrable, namely
J¥ € L' (R; L™(Q, F, P));

(iii) Its abscissa of convergence

[e.e]

U(jw) = sup {,u >0 : the improper integral /

—00

e“yj‘“(y)dy converge in ]R}

satisfies
a(J¥) > 0.

At present, many scholars are devoted to studying the existence and stability of traveling
wave solutions, see [2, Bl B2, [40]. Fisher [16] and Kolmogorov, Petrovsky and Piskunov [21]
did pioneering work on the traveling wave solution and take-over properties of the Fisher-KPP
reaction-diffusion equation. Note that for periodic media in time and/or space, it is natural to
extend the classical traveling wave solution to the so-called periodic traveling wave solutions or
pulsating traveling fronts. For general time and/or space dependent environment, [7, [§] extend
traveling wave solutions in the classical sense to the so-called transition fronts or generalized
traveling waves.

For the time and/or space heterogeneous reaction-diffusion equation, there are many studies
on existence of traveling wave solutions and the spreading speed, see [9, [17, 18| 19, 22| 23] 24].
Shen first proved the existence of transition waves for bistable nonlinearities [36], and further
studied the monostable equation with time unique ergodic coefficients [37]. Shen also studied
the existence of generalized traveling waves in time recurrent and space periodic monostable
equations [38]. Salako and Shen studied the existence of transition fronts of random and nonau-
tonomous Fisher-KPP equations [31], respectively. Nadin and Rossi [27] investigated transition
wave solution of the monostable equations in general time heterogeneous environment. They
furthermore explored the existence of transition waves for Fisher-KPP equations with general
time-heterogeneous and space-periodic coefficients [29]. Nadin [28] studied the existence of trav-
eling fronts in space-time periodic media. Rossi and Ryzhik studied the transition waves for
a class of space-time dependent monostable equations [30]. Ambrosio, Ducrot and Ruan [I]
studied the generalized traveling wave solutions of a non-cooperative reaction-diffusion system
in a general time heterogeneous environment.

In addition to the random reaction-diffusion equation, nonlocal dispersal is more reasonable for
some species to travel for some distance, and their movement and interactions may occur between

non-adjacent spatial locations [5, 20, [I4]. There are many studies devoted to the existence,



nonexistence, and stability problems of traveling wave solutions to the nonlocal diffusion equation
[6), (10}, 121 T3] 25].

For the time and /or space heterogeneous nonlocal diffusion equation, Jin and Zhao [20] studied
the spatial dynamics of a periodic population model with dispersal. Coville et al. [I1] studied
the pulsating fronts for nonlocal dispersion and KPP nonlinearity. Bao et al. [4] explored
the traveling wave solutions of Lotka-Volterra competition systems with nonlocal dispersal in
periodic habitats. Shen et al. [33] studied the transition fronts in nonlocal Fisher-KPP equations
in time heterogeneous media. Shen also studied the stability of transition waves and positive
entire solutions of Fisher-KPP equations with time and space dependence [39]. Dcurot and Jin
[15] studied the generalized travelling fronts for non-autonomous Fisher-KPP equations with
nonlocal diffusion. They dealt with a general time heterogeneous both for dispersal kernel
function and KPP nonlinearity.

For the random reaction-diffusion equation, Shen [35] first introduced a notion of traveling
waves in general random media, which is a natural extension of the classical notion of traveling
waves. More specifically, She explored the traveling waves in diffusive random media, includ-
ing time and/or space recurrent, almost periodic, quasiperiodic, periodic ones as special cases.
Mierczynski et al. studied the uniform persistence for random parabolic Kolmogorov systems
[26]. Shen et al. [34] studied front propagation phenomena of ignition type reaction-diffusion
equations in random media. However, there are a few studies on the random nonlocal diffusion
equation. In this paper, we focus on the existence and stability of random traveling wave solu-
tions of nonlocal diffusion Fisher-KPP equations. Specifically, different from Ducrot and Jin’s
work [15], we further consider the stability of random transition waves. For solving the stability
problem of system (1), the construction of the lower solution plays an important role. Based
on this, we also consider the existence of traveling wave solutions by constructing lower solutions
different from those in the Ducrot and Jin’s research [I5].

Now we are ready to introduce the definition of a random transition front for (LI]). Shen gave

a similar definition for random transition front, see [35].

Definition 1.2. An entire solution u(t,z;w) is called a random traveling wave solution or a

random transition front of (LIl) connection 1 and 0 if for a.e. w € Q,
u(t,r;w) =U(z — C(tw), Bw), (1.2)

where U(xz,w) and C(t;w) are measurable in w, and for a.e. w € §,

0<U(z,w) <1 (1.3)
and
li)lll Uz, Ow) =1, ll)l}_l U(z,0iw) = 0 uniformly in t € R. (1.4)

Moreover, if Uy(z,w) < 0 for a.e. w € Q and all x € R, u(t,z;w) is said to be a nonotone

random transition front.



We observe that u(t, z;w) = v(t,x — C(t;w)) with C(t;w) being differential in ¢ solves (LTI)
and satisfies ¢(t;w) = C'(t;w) if and only if v(¢, ) satisfies

O(t,x) = c(t;w)axv(t,x)—i-/RJ(Htw,y)[v(t,az—y)—v(t,a;)]dy—i—a(@tw)v(t,a:)(l—v(t,x)). (1.5)

This paper is organized as follows. In the next section, we establish some preliminary results
and state our main results. In Section 3, we mainly consider the existence of random transition
waves of system ([LI]). We get the results by constructing appropriate upper and lower solutions
and using the comparison principle of the scalar equation. In Section 4, we prove the asymptotic
stability of random transition waves for non-autonomous Fisher-KPP equations with nonlocal

diffusion.

2 Preliminaries and main results

In this section, we first recall the definitions and some properties of least mean and upper mean
values for functions in L*>°(R). To do so we need to introduce some notations that will be used
throughout this paper. Second, we present our main results on the existence and stability of
random transition fronts for system (L.II).
First, we introduce the space aspects. Let
Cb

unif

(R) = {u € C(R)|u is bounded and uniformly continuous }

with norm ||ul|s = sup,cp |u(z)| for u € C? (R).
For given up € X := C° . (R) and w € Q, let u (¢, x;ug,w) be the solution of (L) with
u (0, z;up,w) = up(z). Note also that u =0 and u = 1 are two constant solutions of (LTI).

Now we introduce the following notations and assumption related to (LI]). Let

la](w) = liminf

t—s—+oot — 8 r—+oot—s>rt — §

t t
/a(HTw)dT = lim inf /a(GTw)dT, (2.1)

and

[a](w) = limsup

t—s—4oot — S

t t
/a(HTw)dT = lim sup /a(GTw)dT. (2.2)

T=H00 s>y t—s

Notice that

la](Oiw) = |a|(w) and [a](fw) = [a|(w),Vt € R, (2.3)
and that
la](w) = t’seggign_f>+oo P— /s a(frw)dr and [a](w) = t’sel(i;;l_ssu_aroo — /s a(frw)dr. (2.4)

Then by the countability of the set Q of rational numbers, both |a|(w) and [a](w) are measurable
in w.

Next, we introduce the following two assumptions:

(H1) 0 < infier a®(t) < supyep a¥(t) < oo, for a.e. w € Q.



(H2) 0 < |a)(w) < [a](w) < o0, for a.e. w € Q.
Remark 2.1. (i) We observe from (H1) that

0 < inf a®(t) < |a](w) < [a](w) < supa®(t) < oo, for a.e. w e Q.
teR teR

(ii) Here we specifically state that the assumption (H1) is mainly used to prove the existence
of random traveling wave solution, see Theorem [2.0, while the weaker hypothesis (H2) is

used to prove the stability of random transition front, see Theorem [2.7.

Note that assumption (H2) implies that |a](-), [a](-) € L}(Q, F,P) (see Lemma 2.1 in [31]). By
assumption (H2) and the ergodicity of the metric dynamical system (Q, F, P, {Ht}teR), there are
la], [a] € RTand a measurable subset Qy C Q with P (Qg) = 1 such that

0,90 = QQ, VvVt € R,
t
/ a(brw)dr = |a], Vw € Qo, (2.5)

t
/ a(0rw)dr = [a], Yw e Q.

lim inf
t—s—oolt — 8

lim sup

t—s—oo L — S

Throughout this paper, |a] and [a] are referred to as the least mean and the upper mean of
a(-), respectively.

The following lemma gives reformulation of the least and upper mean value, see [27, [31] for

more details.

Lemma 2.2. Suppose that a(6iw) € L>®(Q), t € R and that 0 < |a| < [a] < oo, where

t t
/ a(frw)dr, [a] =limsup ! / a(frw)dr.
s t—s—o00 t — S s

L) = el
Then
la] = sup essinfrer (a(f-w) — AL (7)), for a.e. w e Q,
A€W (R)NL (R)

and

[a] = inf esssup, e (a(6rw) — AL (7)), for a.e. we Q.
A€W (R)NL>® (R)

loc

Proof. The proof of this lemma follows from a proper modification of the proof of [3I, Lemma
2.2]. For the sake of completeness we give a proof here. We fix 0 < a < |a]. It follows from
[a] < oo that there exists T" > 0 such that

1 s+T
a < T/ a(Orw)dr < 2[a], VseR,weQ. (2.6)
Define

Ay(t) = /k; (a(frw) — ) dr, Vte kT, (k+1)T),



where

1 (k‘+1)T
g = = a(Orw)dr, VkeZ,we Q.
T Jkr
It is clear that A, € W,o>°(R) N L™(R) with
ap = a(bw) — A/ (t), for t € (KT, (k+1)T),w € Q. (2.7)

On the one hand, by using (2.6]), we deduce that
|Awlloo < 2T[a] and o < ay, Vk € Z,w € L.
It follows from (2.7)) that

a< sup essinfyer (a(Bw) — AL (1)) ,w € Q.
AueW° (R)NL (R)

loc
Since « is arbitrarily chosen less than |a], we derive that

la] < sup essinfier (a(fw) — AL (1)) ,w € Q.
Aw €W (R)NL>™ (R)

loc

On the other hand, for each given A, € I/Vlicoo(R) N L>*(R) and ¢ > s, we have that for w € 2

tiS / a(@Tw)dT > essinfTeR (a(HTw) _ AL/U(T)) + (Aw(tz : 184w(8))
> essinf,cr (a(HTw) — A;(T)) - %

Hence

|a] = lim inf

t—s—oot — 8§ loc

t
/ a(brw)dr > essinf,cg (a(brw) — AL(7)) VA, € WL (R)NL®(R),w € .

This completes the proof of the lemma. O

Next, we define the following two functions, which are strongly related to the main results of
this work. We consider the function L : R x Q x [0,0(J¥)) — R and L(t;-, ) € L®(Q, F,P)
given by

Litsonn) = [ J0w.0)e dy. e 0,0(7)).w € 2 (2.8)
and the function C: R x Q x (0,0(J¥)) — R and C' € L>®(Q, F,P) given by
Cltron) = [ elsiw s, pe©.oF)wen, (2.9
where
c(t;w, p) = pt [/R J(Ow,y) (e —1)dy + a(fw)| , 1 € (0,0(j“)),w € 0. (2.10)

Proposition 2.3. Let Assumption [ 1] be satisfied. Then the following properties hold:



(i) The maps L defined above in [ZR) is of class C* from R x Q x (0,0(J*)) into R.
(ii) Consider the sets
M ={p e (0,0(7%) : 3 € (1,0(J*), Yk € (], Le(tiw, p) = c(tiw, k)] > 0},

and

M= {p e (0,0(J): 3 u' € (,0(J), |e(tiw, p) = e (trw,p') | >0}
Then one has M = M and there exists ji* € (0,0(J¥)] such that

M = (0, 11*) .

(iii) One also has:

de(t; de (t; * ~
du du
(iv) The function p— |c(t;w,p)] is decreasing on M.
Proof. The proof is similar to the Ducrot and Jin [I5], so we omit it. O

Proposition 2.4 (Comparison principle). Let tg € R and T > 0 be given. Let J¥ : Q x R —
[0,00) be a measurable kernel such that the map w — [ J(Oww,y)dy is bounded. Let u and u
be two uniformly continuous functions defined from [to,to + T] x R into the interval [0,1] such
that for each x € R, the maps u(-,z) and @(-,z) both belong to Wt (tg,tg +T), satisfying
u (to, ) < w(to,-) and, for all z € R and for almost every t € (to,to + 1),

atﬂ(tv :E) > /Rj(etwy y)[ﬂ(t, T — y) - ’L_L(tv :E)]dy + a(@tw)ﬂ(t, :E)(l - Z_L(t, l‘)),

Dru(t,z) < /R (00, )tz — ) — u(t, 2)dy + a(@w)u(t,2) (1 — u(t, 2)).

Then u < @ on [tg,to + T] x R.
Proof. The proof is similar to the Ducrot and Jin [15], so we omit it. O

Lemma 2.5 ([35]). Let (2, {0;},.p) be ergodic and h € L*(Q, F,P) (h is real-valued), then there
is Qo € F with P (Qy) = 1 such that

lim 2 [ h(0uw)ds = /Q h(w)dP(w)

t—oo t 0

for all w € Q.

Using the above notation, our next result ensures the existence of random transition front for

system ([LT]) with the speed function ¢(t;w, p), for each pu € (0, u*).

Theorem 2.6. Assume that (H1) holds and for each p € (0, u*), where p* is defined in Propo-
sition [2.3.



(1) Problem (L) possesses a monotone random transition wave solution u(t,z;w) = UH (a: —

C’(t;w,,u),@w) with C(t;w, pu) = fg c(s;w, p)ds, where c(t;w, ) is defined in (2ZI0). Moreover,
for any w € Qq,

UH (z,0w)

lim su
T

T—00 teR

- 1‘ =0 and lim sup|U* (z,0w)— 1| =0. (2.11)

r—r—00 teR
(2) There exist ¢* € R and UL'(-) € C’Zm.f(R;R) such that for a.e. w € ),

C(tiw, )

dm == (2.12)
1 t
lim — [ UH(z,0sw)ds = Ul(x), VaeR. (2.13)

t—o00 0

Next, we study the stability of random transition fronts of (L.I]).

Theorem 2.7. Assume that (H2) hold and c(t;w, p) is defined in [ZI0). Then for given u €
(0, u*), the random wave solution u(t,z) = U (x — C(t;w, 1), Ow) with

lim U (@i buw) (33_7 i)
T—00 e

t
=1 and C(t;w, ) :/ c(s;w, p)ds,
0

18 asymptotically stable, that is, for any w € Qy and uy € C’g (R) satisfying that

nif
inf up(z) >0, VzgeR, lim Uo() —1 (2.14)
w<xo ’ T a—oo U(r — C(0;w, ), w) ’

there holds
u (tu - o, O.))

U (= Cltiwn ), 0) 1Hoo -

t—o0

|

3 Existence of Random Transition Fronts

In this section, we study the existence of random transition fronts of (LI]), see Theorem
We divide the proof of Theorem into two steps: (1). we give some lemmas to construct the
upper and lower solutions of (IIl); (2). we construct the limit behavior to complete the proof
of the theorem.

In this section, we shall always suppose that (H1) holds. Let Qg be as in ([Z5]). Therefore, we
have

0 < inf a®(t) < supa®(t) < oo, for a.e. w € Q.

Recall that u(t, z;w) = v(t,z — C(t;w)) with C(t;w) being differential in ¢ solves (L) if and
only if v(¢, x) satisfies (IL3]). Hence, to prove the existence of random transition front of (Il of
the form u(t, z;w) = U (z — C(t;w), 6iw) for some differentiable C'(t;w) and some U (z,w) which

is measurable in w and

U (—00,0;w) =1 and U (o0; 0;w) = 0, uniformly in ¢,



it is equivalent to prove the existence of entire solutions of (L) (with ¢(t;w) = C’(t;w) ) of the
form v(t,z) = V (¢, z;w) such that

wr V(t,r;w), wr— C(t;w) are measurable,

Vt,z;w) =V (0,2;0w),

lim, , o V(t,z;w) =1 and lim, o V(¢,2;w) = 0 uniformly in ¢.

3.1 Construction of sub and super solutions

In this section, we give some lemmas to construct upper and lower solutions of (L.

Lemma 3.1. Suppose that (H1) holds. Let w € Qg and 0 < p < p*. Let
¢y () = min{1,¢"(z)},
where ¢F(x) = e "*. Then
v (t,a:;gb’fr('),w) < @h(z) VE>0,2 € Rwe Q.

Proof. Since a(w) > 0 for every w € € and the function ¢# satisfies
¢t (2) = c(tw, p) o () + /RJ(@w’y)W(x —y) — ¢ (@)ldy + a(bw)¢"(z), = €R,

we have that v(t,z) = ¢#(x) is a super-solution of (LH) with ¢(t;w) = ¢(t;w, ). We also note
that v(x,t) = 1 is a solution of (ILA]). Therefore, by comparison principle, we complete the proof
of Lemma 3.1 O

Lemma 3.2. Suppose that (H1) holds. Let w € Q. Then for every 0 < p < fi < min{2u, u*},
there exist {ty},cy with t, < tgp1 and limg_ 4oty = Foo, A, € WZE’COO(R) N L (R) with
Au() € CH((tg,trsn)) for k € Z, and a positive real number d,, such that for every d > d,, the
function

9

satisfies

ger (9404 ) (1a) S0 Jort€ (b thsn), @ >
where

G (v)(t,x) == v — /R J(Oww, y)[v(t,z —y) —v(t,z)]dy — c(t;w, p)ve — a (fiw) v(1 — v).

Proof. For given 0 < p < i < min {2u, p*}, it follows from Proposition 23] that

Le(t;w, 1) — e (w, 1)] > 0.



Using Lemma [2Z2] there exist 77 > 0, ¢ > 0 and A, € Wlicoo (R) N L*(R) such that A, €
C! ((tg,trs1)), where t = kT for k € Z and

fc(t;w, p) — / J(0yw,y)(™ — 1)dy — a(fw) + <% — 1) Al (t) > e. (3.1)

R

We fix the above € > 0 and A, (t). Let d > 0 to be determined later. By some computation, we
have that

oot (8, 2) = —d <5 - 1) A (1) i) Autie (3.2)
and i
B — 0T
¢g,d,Aw (t, x) — _Iue_,ufw + ﬂde(,u, 1)Aw(t) H . (33)

It follows from ([B.2) and ([B3) that for any ¢ € (¢, tx41)
4 (41 0.2
= gt (t, ) - / T (O, y)[@" 4 (b, — y) — ¢ (8, 2)]dy — e(tsw, p)gly @ (@)

R
— a(Ow) g (¢, 2) (1 — ¢ (¢, 7))

(3.4)
_ ge(f1)Ae0=pa [ _ (% - 1) ALt + /R T (O, y) (™ — 1)y — fie(t;w, p) + a(@w)]
—e H* [/R J(Oww,y) (e — 1)dy — pe(t;w, p) + a(@tw)} + a(Bw) (AN (L, z).
Recall that
s ) = 7| [ T(00.9) (@7~ )y + a(orw)|.
Thus we have that for ¢ € (tg, tki1)
g (9t (1)
_ ge(fim1) A [— <5 - 1) AL (1) + /R J(Bw, ) (e — 1)dy — fic(t;w, p1) + a(etw)] (3.5)
+ a(fw) (@A) (8, ).
On the one hand, by direct calculation, we have
P Aw (t,x) >0, for x > % + Aw(t),t € (tg,tgy1) , k € Z. (3.6)
On the other hand, we have that
qﬁ”’d’A“(t,a:) <e H e <%+AWT(Q), for x > Nlnd -+ Aw(t),t € (tgytit1),k€Z.  (3.7)

10



Using 31)), 30, B6) and B7), we have that
Ggr ((b”’d’A“’) (t,a:) < —dae<%_1>A“’(t)_ﬁx + a(gtw)e—Quﬂv

—de + a(9tw)e(ﬁ_2“)w_<%_1>A“(t)}

)
. B 1——
< e<%_l>A“’(t)_M —de + d< 1= 1) sup a(fw)e A ®) (3.8)
teR
~ ' "
B 5 - ~
= de(“ 1)A“(t) Ml e+ d B~ HFsupa(fw)eA«®
teR
<0.
The last inequality above holds by choosing
A=
g> (SWPecr a(Orw) L
- geHAwHoo )
Thus we complete the proof of the lemma. O
Let 0 < p < i < min {2u, p*} be given. Let A, and d,, be given by Lemma 32l Let
Ind, +Inji—1 A (t
() = e I —lnp  Au(t) (3.9)
i — p p
Note that for any given ¢t € R,
_ Ind | Aw(®) In filn
¢u,dw,Aw (t, 2,(t)) = sup ¢u7dw,Aw (t,z) =e M(Mﬂfi_ m )e—ﬂﬁ <1 — g) .
z€eR v
We introduce the following function:
PHdoAe (t 4 1y, ), if >z, (t+ 1),
O (t,z;0h,w) = i ) N
e (t 4t wy, (t+ o)), ifx <@y (t+to).
It is clear that
0 < ¢! (t,m;0,w) < P (z) <1, VteR,zeR,tpeR
and i p
t,x;
lim  sup w — 1| =0. (3.10)
T=00 ¢50,t0€R ¢+ ()

3.2 Construction of a solution by a limiting procedure

For any integer n > 1, we consider the following Cauchy problem, for t > —n and x € R,

o(t,x) = c(tw, p)dpv(t, z) + [5 J(Orw, y)[v(t, z —y) —v(t,z)|dy + a(Gw)v(t, z)(1 — v(t, x)),

v(—n,z) = ¢! (—n, ).

(3.11)

11



We denote by v(t,z; ¢ ,0_,w) the solution of (BII) and define the function wu(t,z, ¢!}, 0_,w)
by

u(t,z, ¢!, 0_pw) =0 (t, z— C(t;0_pw, pn), ¢, H_nw) . (3.12)
It follows from (BII) and (BI2) that the function u(t,z, ¢, 6_,w) satisfies the following equa-

tion

Opu(t, ) fR (Orw, y)[u(t,x —y) — u(t,z)|dy + a(Ow)u(t,z)(1 — u(t,x)),t > —n,z € R,

u(—n,z) = ¢! (—n,z — C(t;0_pw, ),z € R,
(3.13)
It follows from Lemmas B.1] and comparison principle stated in Proposition 2.4 that the
solution u(t,z, ¢!y ,0_pw) of BI3) for all ¢ > —n and z € R satisfies

@ﬁ(t, T — C(ta O_nw, M)7 H—le) S U(t, €L, ¢i7 H—le) é ¢i($ o C(ta e—nwv M))) Vt > 07 HS R.

Furthermore, since the function @ — ¢ (z — C(¢;6_,w, 1)) is nonincreasing on R, the function
x — u(t,x, qb’fr, 0_,w) is also nonincreasing with respect to z € R for each given t > —n.

Our aim now is to pass to the limit n — oo in the sequence of function {u(t, x; qﬁ, G_nw)} to
construct a random transition front of system (ILI]). To achieve our aim, we first discuss in the

following lemma some important Lipschite regularity estimates, inspired by [15] 33].

Lemma 3.3. There exists some constant m > u large enough such that for all n > 1 one has
|u(t,z + h, ¢}, 0_pw) — u(t,z, ¢}, 0_pw)| < min {1,em‘h| - 1} ,Vt > —n, Vo € R.

For all n > 1 one has dpu(t, z, Y, 0_nw) € L°((—n,00) x R x Qo) and the following estimate
holds
|Ovutt, z, 8 0_)||. < 2/ | TGyl dy +1,¥n > 1.
R

In other words, the sequence {u(t, z, ¢l H_nw)} is uniformly bounded (with respect ton ) in the

Lipschitz norm on the set [—n,00) x R x Q.
Proof. The proof is similar to the proof of Lemma 5.1 in [I5], so we omit it. g

By using Lemma and Arzela-Ascoli theorem, there exists a subsequence of {u(t,:z:,qﬁ,
O_nw)}, still denoted with the same indexes, and a globally Lipschitz continuous function
u(t,z; ¢ ,w) : R? x Q — R such that

lim u(t, @, ¢, 0_,w) = u(t,x; ¢, w) locally uniformly for (¢,z) € R%, w € Q. (3.14)
n——+o0o
Therefore, we can define the Lipschitz continuous function v(t, x, (b‘fr,w) by

v (tz, ¢, w) =ult,z+ Ctw, p), ¢, w),Y(t, 2) € R* w € Q. (3.15)

Based on Lemmas B.I3.3] we summarize the following propositions, which gives some impor-

tant properties satisfied by the function v(t, z, qﬁ’fr,w).
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Proposition 3.4. The function U(t,x,qﬁ’i,w) enjoys the following properties.

(1) It is nonincreasing with respect to x € R, for allt € R, w € Qq, and is globally Lipschitz

continuous on R? x Qq;
(ii) It satisfies the following estimate for all (t,x) € R, w € Qg

¢ (t,0;w) < o(t,x, #h,w) < Hh(a), Vi>0,z€R.

(iii) 1t satisfies ([LH) with c(t;w,n) = C'(t;w, p) for any x € R and for a.e. t € R and w € Q.

Hence to complete the proof of Theorem 2.6] it remains to study the behavior of v(¢,x, 6;w)
as * — =oo, that is, u(t,z + C (t,w,pn),0w) as © — +oo. We first prove the behavior of
u(t,x + C (t,w,p),0w) as  — —o0, see Lemma 3.5

Lemma 3.5. For every w € g,

lim u (tv r+C (t7 etowv /L) ; @i (07 E etow) 70t0w) =1

T—r—00

uniformly in t > 0 and ty € R.

Proof. Define
v (t, 25 0gw) = u (t,x + C (¢, 04w, 1) ;84 (0,5 0pw) , Opow) (3.16)

and

Tt = lndw —|—1H/,~L - ID/L o ||Aw||oo
fi — o
It follows from (B.9) and Proposition 3.4 that
lndwflnﬁflnu_i_“Aw“OO

_ ﬁ _“< = ) < : *, .
0< <1 ﬂ) e g W < t>ég§eRv (t,x ;b (0, ,Htow),etow). (3.17)

Moreover, x +— v (t,z;6¢,w) is decreasing and satisfies
v (t, ) = /RJ(HthOw, Yotz —y) —v(t,z)|dy + ¢ (t; Ogyw, 1) v3 + a (0:0y,w) v(1 — v),
where ¢ (t; 0w, p) = C' (t; 0y w, ). It follows from (BI7) that
t>oig§6Rv (t,:z:*; qS’fr (0, ;0 ,w) ,Htow) > 0.

Therefore, by using ([B.16]), we also have that

O:= lim inf wu (t,x + C (t, 0w, 1) 5 ¢y (0,5 04, w) ,Htow) > 0.

r——001>0,tpeR

Since u < 1, to prove the lemma, it is sufficient to check that ® = 1. Indeed, we consider two

sequences {t,} C R and {x,} C R such that z,, - —o0 as n — oo and

lim (tn, Ty + C (tn, Oy, 1) 5 ¢y (0,504 w) ,Htow) = 0.

n—oo
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We consider the sequence of functions {un = un(t,z, ¢! (0, 0pw) ,Htow)} given for n > 1 by
Un(t, z, gb’fr (0,5 01w) , Orow) = u(t + ty, x + xp + C (ty, Oryw, 1) ; gb’fr (0,5 04w), O,w), (3.18)

with .
C (tn, Ow, p) = / c (7, 0w, 1) dr. (3.19)
0

It is clear that the sequence {u,} is uniformly bounded in the Lipschitz norm on R?, therefore

there exists a subsequence such that for w € Qg
Un (t, 2, ¢ (0,5 Oow) , Orow) — e (t, x, ¢! (0,504, w) , Oyw) locally uniformly for (¢,z) € R?,

and
UOO(O, 0, Qbi (0, M Htow) ,Htow) = 0.

We now claim that
Uoo (t, 2, 1L (0,3 0pw) , Ogow) > ©,Y(t,2) € R% w € Q. (3.20)
Indeed, by [BI8) and (3I9]), we have that
U (t, 2, ¢y (0, 0yw) , O, w)

t t+tn
:u<t+tn,x+xn—/ c(tn—i—s,Htow,u)ds—i—/ c(s,@tow,u)ds>.
0 0

Now, since one has locally uniformly for (t,2) € R?, w € Qq,

t
$+:En—/ c(tn + s, 04w, 1) ds — —o0,
0

it follows from the definition of © that (320 holds true.
Now we derive the equation satisfied by us. Since the function u (t,a:; qﬁ’i (0, -5 O¢,w) ,Htow)

satisfies the following equation for all (¢,z) € R,
up = / J (00w, y)[u(t,z —y) — u(t,z)]dy + a (0:0,w) u(l — u),
R
we have that for any n > 1 the function u,, satisfies the shifted equation

Oy, = / J(et-i-tnetowa Yun(t,r —y) — uy(t,z)]|dy +a (et-i-tnetow) Up (1 — up).
R

In order to obtain a suitable equation for u,, we first investigate the shifted kernel function
(t,y) = J (0414, 04w,7y). Note that y — J(-,y) € L' (R; L>=(£2, F,P)), then by applying Dunford-
Pettis theorem, we have that the sequence {(¢,y) — J(0144, 01,w,y)} is relatively weakly compact
in LY((~=T,T) x R; L>°(Q, F,P)) for any T > 0. Therefore, there exist a subsequence and a
function J = J(0;0;,w,y) € L} (R x R; L=(Q, F,P)) with

loc

0< j(etetoway) < HJ(7y)”L°°(R)7 a'e'(tay) € R27w € Qo
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and such that for all 7> 0 and any ¢ € L>®((—=7,T) x R) the following convergence holds

lim / /J O+t 0100, y) p(t, y)dtdy _/ / (0101,w, ) (t, y)dtdy.

Taking ¢(t,y) = 1, we obtain that

/ J (044, 01,w,y) dy — / J (0405w, y)dy weakly in L, (R), (3.21)
R R
therefore
un(ta x) / J (9t+tn9tow7 y) dy — Uoo(t, .Z')/ j(etetowa y)dy7
R R
weakly in L10C (R) with respect to t and locally uniformly with respect to = € R. [l

Applying the above convergence to the sequence of shifted kernels, we now claim

Claim 3.6. The following holds

lim J (Ottt, 0w, y) un(t,z — y)dy = / J( (010, w, Y)uoo (t, z — y)dy,
R

n—o0

weakly L}OC(R) with respect to t and locally uniformly with respect to x € R. In other words, for
any T >0 and any ¢ € L>®°(=T,T) one has

T
li_>m / / ()T (Orgs, Oryw, y) un(t, x — y)dtdy = / / V()T (0101w, Y)uoo (t,  — y)dddy
locally uniformly with respect to x € R.

Proof. Tt follows from (3.21]) that
lim [ J(0i1t, 000w, Yy) uso(t,z — y)dy = / J (00,0, y)uoo (t, 7 — y)dy, (3.22)

n—oo R

locally uniformly for x € R and weakly in LlOC(R) with respect to the ¢. It is clearly that for

any n one has
/RJ (41,0100, y) un(t, 2 — y)dy — /Rj(@t%w, Y)uoo(t, 7 — y)dy
= [ 7 Orsa, 1) a2 = ) = et = )]y (3.23)
+ /R [J (0141, 0ryw, y) — j(@ﬂtow,y)] Uso(t, x — y)dy.
Since ([3.22]) and (3:23)), in order to prove Claim we only need to prove that
/RJ(HtHnHtOw,y) [un(t,z —y) — Uoo(t,x — y)]dy — 0 as n — oo, (3.24)

locally uniformly for (t,2) € R?. Note that for any B > 0 one has

/ J (9t+tn9tow7 y) [un(ty T — y) - uoo(tv T — y)] dy

R

< / T Bt B0, 9) [un(ts2 — ) — o (.2 — )| dy
\ |<B

+ / J (9t+tn9towv y) |un(ty T — y) - uoo(tv T — y)| dy
ly|>B
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On the one hand, since 0 < u, < 1 the above inequality implies that for all B > 0, any n and
any (t,x) € R? one has

/ T Brse, Or0sy) [un(ts — y) — o (1, — )] dy\
R

< / 1T Gl e @ dy sup fun(t, — 4) — woolty @ — )] +2 / 17 9) e
R ly|<B ly|>B

On the other hand, since u,(t,2) — ux(t, ) locally uniformly for (¢,x) € R?, we obtain that

for each A > 0 and any B > 0

lim sup sup
n—00 (tvx)e [—A7A}2

<2 / 1) e iy g
ly|>B

[ R T R ) dy1
B (3.25)

Finally since y — [|J(-,y)||~®) € L*(R), letting B — oo ensures that (324) holds and this
completes the proof of Claim O

Next we consider the sequence of function hy, (¢, x, O,w) = a (0444, Oryw) (1 —uy,). By Assump-
tion (H1) and 0 < u,, < 1, we know that h, (¢, z,6y,w) is a bounded sequence in L> (R?). Then
up to a subsequence, one may assume that it converges for the weak-x topology of L™ (R2) to
some function Ao = hoo(t, @, 04w) € L™ (R?). Using Assumption (H1) again, the function A
satisfies

inf a (0;0;,w) (1 — tso) < hoo(t, z,w) < supa (6:0;,w) (1 — uso). (3.26)
teR teR

As a consequence the Lipschitz continuous function u., satisfies the equation for a.e. (¢,7) € R?,
w € N

Qoo (t, ) = /Rj(etetow, Y) [too (B, — Y) — Uoo(t, )] dy + Uoo (¢, ) hoo (t, T, w),

together with 0 < © < uy(t,z) < 1 for all (t,2) € R? and Uoo (0,0, ¢! (0,5 04,w) , Oryw) = O.
Now let us complete the proof of the lemma by showing that ©® = 1. We consider the function
U = U(0404,w) defined for ¢t > 0,tp € R and w € Qg by

U'(0,04,w) = gglga (0:01,w) (1 — U(004,w))U (0401 yw), ¥Vt > 0 and U(,w) = ©.
Then by using (3.26]) and the comparison principle, we have that
U(0i0r,w) < uoo(s +t,z) < 1,Vt > 0,Vs € R, Vo € R.
As a consequence, we obtain that
U(0:0,w) < uoo(0,0,¢4 (0, 04w) , Oryw) = O < 1,Vt > 0.

Since © > 0,U(0;0;,w) — 1 as t — oo. This implies that © = 1 and completes the proof of the
lemma.

Now, we are ready to prove the Theorem [2.6
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Proof of Theorem[Z.8(1). First, let 0 < p < i < min{2u, u*} be fixed. It follows from BI5])
and Proposition 3.4] that

U (t7$ + O(t;w7ﬂ); @Z,UJ) <u (£7$ + O(ﬂ““’)ﬂ)a @Z,UJ) ’

Ve eR, t>t>0,Vw e Q.
Hence the following limit exits:
U (z,w) = tli)r})lou (t,x + C (t;0_4w, p) ;qﬁ;’, H_tw) , VreR we . (3.27)
It follows from Lemma [3] that

sup (t,:z: + C (t, 0w, 1) 5 ¢y (0,5 b, w) ,Htow) <e ™ 5 0as T — 0.
t>0,tp€R

Therefore, we have that

lim U* (z,60w) = 0, uniformly in ¢ € R.

T—r+00

By the arguments of Lemma 3.5 we have that

lim (t x+ C (t, 0w, 1) ;&4 (0,5 0yw) ,Htow) =1, uniformly in ¢t > 0, € R,w € Q.

T—r—00

Therefore, we have that

lim U* (z,60w) = 1, uniformly in ¢ € R.

r—r—00

Next, using the fact
C’ (t + T; H_Tw, M) = C (7—, 9_7—(/&}) + C(t7w7 ,U/),

we have that

u(t,z +C(tw, n); UM (,w), w)
= hm u(t,z+ Ct,w, pn);u (T,x+C(T;9_Tw,u);¢+,0_7w),w)

:Tll)ngou(t+7' x4+ Ctyw,p) + C (1507w, 1) ; qbu,H Fw)

= Tll)n;ou (t + 71,2+ C (t + 7,0 (441 O, ,u) (JSM ) 0_(t+7)0tw)
= U (z,0w) .

It follows from (B.I0) and Proposition B.4] that

UH (x,0,w)
¢t (2)

Furthermore, since the function R 3 z > gb’fr is nonincreasing, then for every wgy € €2 and every

lim sup
T—>00 teR

_1‘:0,

t > 0, we have that the function R > z — u (t, x4+ C(t; 0w, pn); qb’fr, H_tw) is decreasing, hence
so is UH(-,w). This completes the proof of Theorem Z.6](1). O
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Proof of Theorem [2.6(2). Note that u(t,z;w) = UH (a: - C(tyw, ), Htw) is a monotone random

transition wave solution of ([LI]). We first claim that for a.e. w € Q,
C(t+ syw,pu) = C(t;w, p) + C(s; 0w, 1), Vs>0,teR. (3.28)

Indeed, since C(t;w, u) = fg c(s;w, u)ds and c(t;w, ) is defined in ([ZI0), we have that

t+s t t+s
/ e(l;w, p)dl :/ c(l;w,u)dl+/ c(l;w, p)dl
0 0 t

. . (3.29)
= / e(l;w, p)dl +/ c(l + t;w, p)dl.
0 0

Using (2.10) and

0w = Owbiw, ViteR we,
we have that s s

/ c(l + tyw, p)dl :/ c(l; Opw, p)dl. (3.30)
0 0

It follows from ([3.29) and (3.30) that
t+s t s
/ c(l;w, p)dl :/ c(lyw, p)dl +/ c(l; Oyw, p)dl.
0 0 0

This implies that (3.28]) holds. Then, applying ([3.28]) and subadditive ergodic theorem, there is
¢* such that for a.e. w € §, there holds

i CBW 1)
t—00 t

Now, let Q be the set of rational numbers. Note that U¥(-,w) € C’zm-f(R x ;R) is measurable
in w and U¥(z,w) is bounded in = and w. Using Lemmal[2Z5] there is Q; € F with P (Q;) = 1 such
that limys_, oo % fg UH (z,05w) ds exists for all x € Q and w € Q. Note that U¥(z,w) is uniformly
continuous in x. This implies that for all x € R and w € 1, the limit lim;_, % fg UF (z,05w)ds

exists. Let .
1
Ut (z) = lim — [ U"(x,0sw)ds
for x € R and w € ;. We have Ul € Csm-f(R;R) and U¥ is monotone. O

Remark 3.7. Define € C L>® (R, F,P) the set of admissible speed function, that is the set of the
functions C(t;w, pu) € L>®(Q, F,P) such that there exists a random transition front, according to
Definition [, with the speed function C(t;w,p) and c(t;w, ) = C'(t;w, p). The above theorem
ensures that

{t—=ctiw,p), peOpu)}ce.

Therefore, recalling the definition of c(t;w, u) in 2I0) and Proposition[2.3 (iv), we obtain that

(Jfim lettiw 0l o0) © 1] = (lel.c € 4).

=
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4  Stability of a random transition front

In this subsection, we study the stability of random transition fronts of ((ILI]). Before we prove

the main Theorem 2.7 we first give the following lemma.
Lemma 4.1. Let ug € Cumf( ) satisfy 214]). Then for any w € Qq, there holds

u(t,z+ C(t;w, p); ug,w)

lim — =1 wuniformly int >0,
r—00 e HT
where C(t;w, i) fo syw, p)ds (c(t,w, p) g J (O, y) (e — 1) dy + a(6w)]) and p is

given by Theorem [2.7]

Proof. Since ug satisfies (2.14]), then for every € > 0, there is x.,, > 1 such that

ug(z + C(0;w, 1))

—e<
1-es U(z,w)

<l+e, Vo>

Let A, (t) be as in Lemma B2 Since e #* — d,,et«)=A* < U(x,t) < e then

(1—e)e™ = (1= e)due™ O <ug(e + C(Ow,p)) < (L+e)e™, Vo>me.  (41)
We claim that there is d > 1 such that

(1—e)e ™ — ded O < yo(z+ C(O;w, 1) < (1 +e)e ™™ +de?O=F  yreR. (4.2)
Indeed, we observe that

o (e + C(0:60,2)) < ol #7775 < gl P75 1A= Ol A0

Therefore,
up(z + C(0;w, 1)) < (14 e)e ™™ +d. e yp e R, (4.3)
where d.., =: |lug||, =« +4«(©)] On the other hand, for every d > 1, the function R > x ~
5 1 dﬁfwAw(O)
(1 —e)e H* — deA«(0)=F% reaches its maximum value at x4 = % It is clearly that
lim x4 = oo, (4.4)
d—o0
and
lim <(1 —g)e Mo — deA“’(O)_’lxd> = 0. (4.5)
d—o0

Therefore, there is CZg;w > (1 —¢€)d,, such that x4, > z.,, and
(1 _ E)e—ﬂxdg;w _ da;weAw(O)_ﬂxig;w S énf uo(x _|_ 0(070.), /’[/)) (46)
<Ze;w

It follows from (A1) and (6] that

(1 —e)e  — deAO) =i < (x4 C(0;w, 1)), VzeR, Vd> ey (4.7)
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Therefore, by using (£3)) and (A7), we have that ([£2)) holds for every d > max {CZE;W, da;w}. By
direct computation as in the proof of Lemma [B.2] it holds that for d > 1,

g <(1 2 deA“(t)_’lx> <0, ae. int
on the set D, := {(z,t) e R x RT | (1 —¢g)e™H* — deAe)=fz > 0}. Therefore, by using
u(t,z+ C(t;w, p);ug,w) > 0,

and comparison principle, we have that

(1 —¢e)e ™ — deAe®=iz <oy (t 2 + Ct;w, p);ug,w), Ve €R, Vt>0,d> 1. (4.8)
Similarly, we also have that

Gk <(1 Fe)eh 4 deAw(ﬂ—ﬂl‘) >0, z€R, teR
Then, it follows from comparison principle that
w(t,x+ Ct;w, p);ug,w) < (1+e)e ™™ + dedD=A2 g e R VE>0,d > 1. (4.9)

By using (£8), ([A9) and arbitrariness of € > 0, we have that

u(t,z+ C(t;w, p); ug,w)

lim =1 uniformly in ¢ > 0.
T—00 e KT
Therefore, we complete the proof of Lemma .11 O

Now we are ready to prove the Theorem 2.7]

Proof of Theorem 2.7 Fix w € Qq. Let ug € C° . (R) satisfying (ZI4]). Then there exists a > 1

such that (@)
Uug\x
<
Ulx — (03w, ), w)

Therefore, by comparison principle, we have that

IN

S vz € R. (4.10)
(6%
u(t, x5up,w) < u(t,z;aU(- — C(Oyw, p),w)), VxR, Vt=>0,

and
U(x—Ctyw, p),w) < ul(t,z;aug,w), YreR, Vt>0.

It is clearly that
(qu)y > a/ J (O, y)u(t,x —y) — u(t, z)|dy + a (Qw) (au) (1 — au). (4.11)
R
Then by comparison principle, we have that

Uz —C(tyw, p), w) < au(t,z;up,w), Vt>0. (4.12)
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Similarly, we have that
u(t, x;up,w) < al (x — C(t;w, p), fw), YVt >0. (4.13)

Therefore, V¢t > 0, there exists a unique «(t) > 1 satisfying

. 1 u (t, z;up,w)
t) := inf >1]—-< < R». 4.14
a(t) :=in {a_ ’a_U(a;—C(t;w,,u),Htw)_a’vxe } (4.14)
Moreover, we have that
a(t) <a(r), Y0<7<Ht. (4.15)
Indeed, by using (£I0]), we define
: 1 uo()
= inf >1|—-< < W R .
o) =i {a 211 € Gy <o e eR]
It follows from @IZ2) and (£I3)) that
1 t,x;
ulbiuow) o) >0,z €R. (4.16)

a(0) = U(z—C(t;w, p), Ow)

This inequality is similar to ([@I0), thus «a(t) given by ([@I4]) is well defined for all ¢ > 0.
Moreover, since (€I6]) holds V¢ > 0, then

a(t) < a(0),Vt > 0. (4.17)

We now fix 0 < 7 < t. Using the definition of «(7), we have that

- u (7, x; ug, w)
a(r) ~ U (x — C(1;w, 1), 0-w)

< ar),Vx € R. (4.18)

Let 7 be the initial time, we replace ug(x) and U(z — C(0;w,u),w) by u (7, z;up,w) and
U(x — C(1;w, 1), 0-w) in the arguments (@I0)-(@I3), respectively. Similar to the derivation of

#11), we have
a(t) < afr),Vt > 7. (4.19)

Using (@I7) and (£I9), we have that (£I5) holds. Therefore, we can define a as follows
=1 >0} =1 .
s = inf{a(t) |t > 0} tliglo a(t)
To complete the proof of Theorem 7] it is only to show that a., = 1. It is clear that
Qoo > 1.

We assume by contradiction that as, > 1. Let 1 < o < o be fixed. It follows from Lemma [4.1]
that there exists x, > 1 such that

l < u(t7x+0(t7wwu)7u07w) <a,
a U (z,0w) -

YV > xq,Vt > 0. (4.20)

Set )
Mg 1= a_otzol,gixa U (z;0w) > 0,
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where o = a(0) = sup;>q «(t). Hence it follows from the definition of ag that
Mo <min{u (t,z + C(tw, p);uo,w) U (2,0iw)}, Vo < 4,V 2 0.

By using Assumption (H2), we have that there exists 7= T'(w) > 1 such that

I_CLJT s+T
0< 5 < a(Orw)ds < 2[a]T < 00, VseR. (4.21)
Let 0 < 6 < 1 satisfy
o < e 2Tl and ((ozoo —1)—ap <1 - e_%TM)) Mg > 6. (4.22)
We claim that
-4 fUﬁLl)T a(Osw)ds
al((k+1)T) < e %Jkr a(kT), Yk >0. (4.23)

Indeed, we take

) ft+kT a(fsw)ds . . _ .
up(t,z) = e’ Jrr u(t+kT,x 4+ C(t+ kT;w, p);ug,w), Uk(t,z) =U (x;0i1k7w) ,
(4.24)

and
ar(t) = a (Oprrw), o =a(kT), Ji(t,y) = JOrprrw,y). (4.25)

On the one hand, it follows from ([@2I), (£24]) and ([.25) that for any t € (0,7),z € R, and
k>0

Jp Ji(t,y) (e — 1) dy + ax(t)
ol

Opuy, = Say (t)ug + / T (t, y)[ug(t, v —y) — up(t, z)|dy + Oy,
R

:A%wmmwww—wmm@+&%@wwtﬂ@+%@

Fap(t) (1 — up) ug, + ap(t) ((1 _ e a<9sw>d8) w + 5) s

5/%@mWwpm—w@m@+&%@wwkﬂ®+%@
* 7

+ ag(t) (1 — ug) ug + ag(t) <<1 — 6_2&{“1) ug + 5) U

Og Uy,

a:c U

(4.26)
On the other hand, it follows from ([4.22]) and the fact as < ap < ag that for x < z,,0 <t < T
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and k>0

00wt — o [ Ittt )~ Uiy - RN,y (o
=ay,(t) (1 — U) (o Uy)
=ap(t) (1 — (o Ug)) (e Ux) + ag(t) (<1 — 6_26T(a]> (o Ug) + 5) (arUg)
+ ag(t) (<(Oék —-1)— (1 — 6_2571(&1) Oék) U, — 5) (axUg)
>ap(t) (1 — (axUs)) (axUs) + ax(t) ((1 = 6_26”“]) (axUg) + 5) (xUg)
+ ag(t) (((aoo —-1)— (1 - 6_25TM) ao> Me — 5) (o Ug)
>ap(t) (1 — (axUs)) (axUs) + ax(t) ((1 = 6_26TM> (axUg) + 5) (o Up) -
(4.27)
Using ([£22]), we have that
eéfk(;Jrl)Ta(esw)dsa < Qoo < Q. (4.28)

Therefore, it follows from the definition of oy, (£20]), (£28]) and comparison principle for equa-
tions that

Vo <z, t€ [O,T],k‘ > 0.

That is
u(t+ kT, x4+ C(t+ kT;w);up) < =8 firt"T a(0sw)ds S U (x, Opyrrw)

Vo <z, tel0,T],k>0.
By ([£28]), we have that
o< e—éfk(;H)T a(@swidsy < o0 DT a(Osw)ds (4.29)
Therefore, it follows from (Z20]) and (£29) that
w(t+ KT + Ot + KTiw)iug,w) < e a1, U (2,0,4pqw),
Vo > xz,, te€][0,T],k>0.
Therefore, for every k > 1, it holds that

u(t+kT,x+ C (t + kT;ug,w) ; up,w) < _”HkT (Osw)ds o, U (x, 0 krw) , Ve € Rt € [0,T].
(4.30)
Similarly, interchanging uy and Uy, in ([26) and ([L2T), we obtain that

U (z,0; 1 prw) < =0 Jir"" alOsw)d Sapu(t+ kT, + C (t + kT up,w) ;up,w) , Vo € Rt € [0,7T.
(4.31)
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Hence inequality (@23]) follows from (@I4]), (@30) and @31). Thus, by induction we obtain
that

Qoo < a((k‘ + 1)T) < e_(sz?:o fi(ql;+1)T a(esw)dsa(o) _ 6_5f0(k+1)T a(esw)dsa07 vk > 0. (4.32)

But for w € Qp, it holds that [ a (fsw) ds = co. Therefore, letting k — oo in [Z32)), we obtain
that
Qoo < 0,

which is impossible because ay, > 1. Therefore a, = 1, which completes the proof of the

theorem. 0
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