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Abstract

In this paper, a ratio-dependent Holling-Tanner system with nonlocal diffusion is taken
into account, where the prey is subject to a strong Allee effect. To be special, by applying
Schauder’s fixed point theorem and iterative technique, we provide a general theory on the
existence of traveling waves for such system. Then appropriate upper and lower solutions and
a novel sequence, similar to squeeze method, are constructed to demonstrate the existence
of traveling waves for ¢ > ¢*. Moreover, the existence of traveling wave for ¢ = ¢* is also
established by spreading speed theory and comparison principle. Finally, the nonexistence of
traveling waves for ¢ < ¢* is investigated, and the minimal wave speed then is determined.

Key words: Holling-Tanner system; Traveling waves; Upper and lower solutions; Strong
Allee effect.

Introdcution

ol

Predation is one of the most fundamental interactions in the natural world, which has become
a ubiquitous fact. The classical Lotka-Volterra predator-prey system may not accurately describe
the complex ecological since populations are limited by factors such as competition for resources,
disease in reality. Additionally, predators are able to adapt their hunting behavior in response to
changes in prey density and availability, and other ecological factors such as habitat fragmentation,
climate change, and human activities can also influence predator-prey dynamics. Thus, to develop a
more comprehensive understanding of complex ecological behavior and interactions, some extended
and improved predator-prey systems have been studied extensively, seeing [23,25,27].

Holling-Tanner system with Holling type II functional response has recently attracted increas-
ing interest [18,26]. As said in [9], the ratio-dependent Holling-Tanner system provides a way to
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avoid the “biological control paradox” wherein classical prey-dependent exploitation models gener-
ally do not allow for a pest prey equilibrium density that is both low and stable. Moreover, based
on strongly supported view in [3,17] that the functional responses over ecological timescales ought
to depend on the densities of both prey and predator and more specifically on the ratio of prey to
predator, Arditi and Ginzburg in [3] proposed a ratio-dependent functional response
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and the corresponding Holling-Tanner system is studied in [21]. Owing to spatially heterogeneous
natural habitats, the reaction-diffusion system is established, traveling waves with special trans-
lation invariant form of various functional response Holling-Tanner system are further studied to
better characterize the population propagation. We refer the readers to [2,8,13,28,36,38,39] for
local diffusion system, and [7,11] for nonlocal diffusion system.

It should be noted that the prey is generally assumed to grow at a logistic pattern in most of
the aforementioned Holling-Tanner systems, whereas, Allee effect has been studied extensively in
recent years, because of its complexity and practicability, seeing [4,10,14,16]. Allee effect refers to
reduced fitness or decline in population growth at low population densities. It is difficult to find
mates and birth rates decrease when population densities are low, which can lead to extinction [1].
It can be distinguished into two types: weak Allee effect and strong Allee effect [29,30]. The former
refers to a scenario where the population has a positive and increasing growth when the size of
the population is below a certain threshold value, and the latter pertains to a situation where
growth is negative when the size of the population is below a certain threshold value. Particularly,
Zhao and Wu in [36] investigated the existence of traveling waves of Holling-Tanner system with
Lotka-Volterra functional response and strong Allee effect

u = diAu+u(l —u) (%—1) — auw,

Ut:dgA’U‘FSU(l—E).
u

(1)

As far as the author knows, there are almost no related results on the existence of traveling waves
for ratio-dependent Holling-Tanner systems with nonlocal diffusion and strong Allee effect. Hence,
in this work, we consider the following system

up = dyN[u](z,t) + u (1 — ) <% -1

vy = doNo[v] (2, t) + sv (1 — E) .

u

) muv
u+av’
(2)

where u(x,t) and v(z,t) stand for the population densities of the prey and the predator, respec-
tively. All the parameters in system (2) are positive. d; and dy are the diffusion coefficients of
u(z,t) and v(z,t); b € (0,1) represents Allee threshold value; m is a measure of the quality of the
prey as food for the predator; a and s denote the saturation rate of the predator and a measure
of the growth rate of the predator. Moreover, N;[w](z,t), i = 1,2, formulates the spatial nonlocal
diffusion of individuals

Nifuw](z, £) = / Tz — yywly, dy — w(z, 1),
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in which the kernel function J; : R — R, ¢ = 1, 2, satisfies the following assumptions:

(J1) J; € CYR), Ji(z) = J;(—x) > 0 and / Ji(z)dx = 1.

R

(J2) J; satisfy the decay bounds:

/ Ji(z)eMdr < oo for any A € (0, \g) and /\lim Ji(2)eMdr = oo
R

— Ao R

for some Ay € (0, +o0] and / |J/(x)]|dx < oo.
R

Moreover, if one chooses the kernel function as J;(x) = d(z) + ¢”(z), where 6(z) is the Dirac
delta function [24], then system (2) can be reduced to the following system [35]:

u = diAu+u(l —u) <%—1

vt:dgAijsv(l—%).

)_ muv
u+av’
(3)

As for the corresponding kinetic system, that is, system (2) or (3) without diffusion

w(t) =ul—u) (5 -1) - S @)
V'(t) = sv (1 — %) :

Obviously, (b,0) and (1,0) are nonnegative equilibria of system (4). Denote

2m m m
b =1 -2 1 .
LR s \/1+a<+1+a>

It is easy to verify that b; € (0,1) and system (4) has a unique positive equilibrium (u*,u*) if
b = by, two positive equilibria (u},u}) and (ub, u}) with v} < uy < 1if 0 < b < by and no positive
equilibrium if by < b < 1, where

*_1+b1
= 5

1 2m
== 1-— 2201 1
1 2m
s=—=1b4+1 2 —-211 b+11].
Uy 2(+ +\/ <+1+a) +>

In this paper, we mainly establish the existence of traveling waves connecting predator-free
state and coexistence state of system (2). In this paper, we assume 0 < b < by, which is equivalent
to 4mb < (1—b)?(1+a) owing to b € (0,1). According to [35], at this moment, positive equilibrium
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(uj,u}) is unstable. Thus, we should focus on the existence of traveling waves connecting (1,0)
and (ul, u3). A positive solution is called a traveling wave if it has the form

(u,v)(x, 1) = (¢, ¥)(§), § =z +ct,
where ¢ > 0 is a wave speed. Then (¢, )(&) should satisfy

c'(§) = aiN[B](§) + 6(£) f (9, ¥)(8),
c'(§) = daN2[](€) + () g(e, ¥)(S),

where
Nilul €)= [ H(E - pulp)dy - w(e), i=1.2
R
e : v v
m
Fo) = -0 (F-1) = 2 and glo.) =5 (1-2).
If (¢,)(€) further meets the boundary conditions

(¢,9)(=00) = (1,0) and (¢, ¥)(+00) = (uy, u3), (6)

then it is called a traveling wave connecting (1,0) and (uj, u3), also named a invasion wave [15].
As a result, demonstrating the existence of traveling waves of system (2) is exactly the same as
demonstrating the existence of positive solution of system (5)-(6). Our main results are stated in
the following.

Theorem 1.1 Assume that (J1)-(J2) hold. If b € (0,1) and

(1-b2(1+40) (1—-b*(1+a) (1+a) ¢W+4(1—b)?_b o

7S min b ’ b TR 1+a

then system (2) has traveling waves connecting (1,0) and (us, ub) for ¢ > ¢*. Additionally, system
(2) has no traveling waves connecting (1,0) and (uj, u3) for 0 < ¢ < c*.

It should be emphasized that our method can be also applied to Holling-Tanner system with
local diffusion and strong Allee effect, and the related theory on spreading speed and comparison
principle can be find in [5,32]. In particular, for system (1), the existence of traveling wave with
¢ = ¢* is proved through a limiting argument similar to Theorem 4.1 in [20], and this process is
omitted owing to its complexity. Here we use an entirely different approach with [36] to deal with
it, and then present a complete proof.

This paper is organized as follows. In Section 2, we provide a general theory on the existence of
positive solution for system (5). In Section 3, we firstly establish the existence of a positive solution
of system (5)-(6) by constructing appropriate upper and lower solutions and a novel sequence for
¢ > ¢*, where ¢* is denoted in (13). In the last section, we show the case ¢ = ¢* also holds based
on spreading speed theory and comparison principle. Moreover, we also obtain the nonexistence
of positive solution of system (5)-(6), which determines the minimal wave speed.
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2 A general result

In this section, by using Schauder’s fixed point theorem and the upper and lower solutions
method, we transform the problem of finding a positive solution of system (5) into existence
problem of a pair of upper and lower solutions. Firstly, we define

Xy ={(p,0) e C(R,R?): (1+0)/2<¢p<land 0 <y <1}.
and introduce the definition of upper and lower solutions.

Definition 2.1 Function pairs (5,@) (&) and (@, %) (&) in X, are upper solution and lower solu-
tion of system (5) if they satisfy

(a) (&) < d(€), Y(&) < Y() for R
(b) There is a finite set E = {& : 1 <1i < m} such that for £ € R\FE

diN: [0] (&) = ¢ (&) + (&) f (8.¢) (§) <0 8)
mNag]g—c¢ o) f (¢,9) (€) >0, (9)
N> [P () — e (€) + B(&)g (6. 9) (€) <0, (10)
o [0] (&) = ct'(€) + 2 (€)g (¢, ) (€) > 0. (11)

Next, we consider the nonlinear operators F; and F, defined on X, by

Fi(9,4)(&) : = Bo(&) + diNi[9)(€) + ¢ (&) f (¢, ¢) (£),
(9, 9)(&) : = BY(&) + daNa[)(€) + ¥ () g (6,4) (€),

where positive constant [ is large enough, such that F} (¢, 1) is nondecreasing in ¢ and is decreasing
in ¢, and Fy(¢, 1) is nondecreasing in ¢ and 1 for (¢,1)(§) € Xy, respectively. We also define the
following operators

¢ Bly—¢
PO = [ RGOW, ¢ R

¢ Byé)
PO = [ EREO0 ¢ R

Set P = (P, P,), then P : X, — C (R,R?) and it is easy to check that (¢, 1)) = P(¢,1)) solves
o (€) = —Bo(E) + Fi(9,9)(6),
/(&) = —HY(€) + Fa(0,¥) ().

Hence a fixed point of P is a solution of system (5). Therefore, it remains to show that P has a
fixed point in X;. To do it, we choose constant p € (0, 5/c) and define space

B.(R,R?) := {(cb, V) € Xy (9, ¥)] = Sup {max (|o(€)], [N} e < OO} :

bt



Then (B,(R,R?),|-|,) is a Banach space from [22]. By applying Schauder’s fixed point theorem,
we will seek a positive solution of system (5) in set

S={(0Y)€X:9< 9 <9, ¥ <P <Ay,
R?), [ ).

Firstly, we show that P(X) C X. Let (¢,v) € X, since (¢, 1), (5,@) and (Q, g) all belong to
Xy, we have

which is a non-empty convex, closed and bounded set in (B, (R,

Fi(6,9)(§) = Fi(6,9)(§) = Fi(¢, ¥)(€)
by the choice of 5. We assert that
6(&) < P9, ¥)(€) < 0(8).

Assume that —oo (= &1 < &n < En1 < - < & < & = 400 in set E of Definition 2.1.
Through integration by parts formula, we drive for 0 < < m
1 & éy , ég. ég. 1
- e (cd'(y) + Bo(y)) dy = e (&) — e (Eiq1)-
Eit1

If € € (&y1, &) for 0 < k < m, from the definitions of upper and lower solutions, we arrive at

§ /J‘y 3 —
Pu6,0)(€) > Pu(6,B)(€) = / 0 1 (6,9 () dy

C—oo

%(Z /5 /) 2 (e (y) + Boly) dy

j=k+1 &

B(Em+1—8)

= 9(5) — efé(gmﬂ) = Q(@

owing to &,,.1 = —oo. Similarly, we get

_ 1 3 Bly—£) _
P 6)(€) < Pu(B, ) (€) = » / LR (B, 0) (9)dy

= p(€) — 6%5(&%1) = ¢(¢)

owing to &,,41 = —o00. Then in a similar way, we can verify that

V(&) < Po(¢,4) (&) < (8).
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Therefore, we have P(X) C 3. Next, by the choice of p, we show that P is completely continuous
with respect to the norm |- |,. First of all, we show the continuity of P on ¥ with respect to the
norm | - |,. Let &1 = (¢1,11) and @y = (¢2,1)2) be in X, then a direct calculation yields that

|F1(o1, ¥1)(&) — Fi(d2,¥2)(§)|
=[801(8) + diN1[1](§) + 01(8) f (D1, 91)(§) — Bb2(&) — diN1[9a](&) — P2(€) f (@2, ¥2) (§)]

S(ﬁ+d1+0)|¢1(5)—¢2(£)\+CW1(§)—wz(§)|+d1/RJ1(£—S)|¢1(8)—¢2(S)|d8,

where

0f (¢, )
9¢

i w>}_

¢ = max { o) +o o

(¢, 0)EXy
Furthermore, we have

|P (1, 01)(€) — Pybg, o) (€)]e ¢!

e HEl

£ Bly—¢
- / e (Ful(1,v0) (y) — Fi(éa, d2)(y)) dy

—ugl g
< / 22 F (61, 40) (0) — F (60, 0) ()| dy

c —00

d A A .
[BrditO)e / ™2 161(y) — daly)ldy

C —0o0

Cle—MeEl € y
+ ec / ewwl(y)—%(y)\dty

— 00

—plgl € _
B [ (= en(s) - n(ods ) dy =1+ Lo 1
R

c —00

Now, let us continue estimating I;, I and I3, respectively. Note that |y| —|¢| < £ —y forall y <&,

we have . c
/ eﬁ(ycfé) e”'y‘e_“‘ﬂdy < / 6(5%#6)@75) dy = c _ (12)
—oo —00 ﬁ —Cp

Recalling that ®; = (¢1,11) and @y = (pg, 19), for the part I;, we utilize (24) to get
(B +dy + C) e Hl /f Bly=€)

I = e < |o(y) — d2(y)|dy

c —00

—ulel g
_(Brdi+O)e “f/ e el | () — doly)]e ¥ dy

C

(& c

¢
< |<I>1—<1>2|u(cﬁ+d1+0)/ 29 ulyl g—lé] g,
< B+d+C

D — Dy,.
— ﬁ_C/J | 1 2|N



For the part I, similarly, we get

C
<o CM|q>1 — Dy,

For the part I3, we also have

die Ml & g
Iy = 2 - / e o (/ Jl(y—3)|¢1(5)—¢2(5)|d3) dy
— 00 R
—El P, — P 3 v
<he I Bl [1omes ( / J1(z)€“y_zdz) dy
c e R
13
< di|®1 — Do, </ Jl(z)e’”Z'dz)/ 65“’[‘5)6u\y|6—ulfldy
C R —0o0

d; ;
< e (/R Ji(z)e! dz) |1 — Do, < 00

owing to (J2). The above three estimates suggest that
| Pr(¢1, 1) (€) = Pig2, ¥2) (€)]e 5 < My| Dy — Do,

where
B+d +2C +d; / Ji(2)etldz
R
B —cp

Mlz

)

Similarly, there is a constant Ms such that

| Po(1,91)(€) — Pa(¢pa, v2)(€)|e ™l < My |y — Dy,

Hence P is continuous on ¥ with respect to the norm | - |,. Simultaneously, for (¢,v) € X,

2 R@0E| = |- Zr6.0©+ LRG| < 20 + TR0 < 2L
2P0 ()] = | - 2o 0O + TR0 ()] < Do + Tran < 2.

Thus, P(X) is equicontinuous. From Proposition 2.12 in [33], an argument similar to Lemma 3.4
in [19] can verify that P : > — Y is compact. Hence, P is completely continuous with respect to
the norm | - | u- Now, applying Schauder’s fixed point theorem, there exists (gb w) € X such that

(¢, w) (qf), w), which implies that ((Z), ¢) is a fixed point of P in Y. Therefore, we conclude the

following lemma.

Lemma 2.1 Assume that system (5) has a pair of upper and lower solutions (5, E) (&) and
(@, %) (&) satisfying

O(67) < 3(&), o(&7) < 0(&7), v(&) V&), (&) < v(E) for & € E.
Then it has a solution (¢, )(&) satisfying for £ € R
¢

() < 6(8) < 0(§),  ¥(&) < v(&) <(8).



3 The existence of traveling waves for ¢ > c*

The major goal of this section is to demonstrate the existence of traveling waves with ¢ > ¢*
of system (2), where ¢* is denoted in (13). Firstly, a pair of appropriate upper and lower solutions
is constructed. Then a positive solution (¢,1)(§) of system (5) is immediately obtained. Inspired
by squeeze method [2,12], we construct a novel sequence to study asymptotic behavior of such
positive solution at & = +o0o, which further leads to the existence of traveling waves for ¢ > ¢*.

3.1 Upper and lower solutions

To find a pair of upper and lower solutions, we define

AN ) =dy (/ Jo(y)e My — 1) —cA + s,
R
By direct calculation, it is easy to get

A(0,¢) =s>0and lim A() ¢) = +oo for all ¢,
A——+o00

A
98\ ¢c) _ —A<0and lim A() c¢)= —oc for A >0,
Oc e+oo
M = —c<0forall ¢c>0,
ON |0
2
% = d, /R Jz(y)er_Aydy > 0 for all A and c.

Thus, we have the following properties for A(\, ¢).

Lemma 3.1 There exists a positive constant

¢" = inf {% {dg (/R Jo(y)e Mdy — 1) + s} } (13)

such that the following assertions hold.
(a) If 0 < ¢ < c*, then A(X,¢) >0 for A > 0.

(b) If ¢ > ¢*, then A(\, ¢) =0 has two positive real roots A\y < Aa, and A(-,¢) < 0 in (A, Aa) and
A(-;¢) >0 in (0, A1) U (Ag, +00).
(c) If c = c*, then there exists \* > 0 such that A (X\*,¢*) =0 and A (X, c¢*) > 0 for X # \*.
Additionally, we define

I\ ¢) =d; (/R Ji(y)e Mdy — 1) —cA,

then one can easily check that for ¢ > ¢*

OII(A, ¢)

H pum—
(0,¢) =0 and E3

=—c<0.
A=0
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Thus, we choose n € (0, A1) to satisfy II(n, c) < 0.

Based on the above discussions, we now introduce function pairs (¢, ) and (¢, 7),

1+b
_ a8 €>O>
5(6) =1, ¢<£>{ 2 b
26%,53&

(14)
(e = { 1, £>0, o { 0, £€>¢ :=—(1/e)Inr,

e (1-ret), € <6,

where € and r satisfy

' —2s
0<e<min{A, Ay~ M} and 7> max{l’ 1T+ 0)AMN +e,c>} |

Lemma 3.2 For ¢ > ¢, (¢,9) and (¢,) satisfy (8) and (9) under the assumption (7).

Proof. Recalling that

fow = (-0 (§ 1) - 5

since (&) = 1 for £ € R, clearly, (8) holds since

my(§)
Trade =

AN, [B] (€) — 6 (€) + B(6) f (6,0) (€) =

For (9), since ¢(§) is non-increasing in R, then

1+0

[ e =ty =2 [ nie-pay =12,
R R

and

1-0
5 e"g/Jl(y)e_"ydy.
R

[ nte= oty = [ nie—u (115w )dy=1-

Hence we have

/RJl(f —y)¢(y)dy > max { ! ;r b, -2 ; b ont /R Jl(y)e—"ydy} . (15)

If £ > 0, then ¢(¢) = (1 +b)/2 and ¢ (&) = 1. It follows from (15) that

N [9] () = / (€ — )o)dy — $(€) > 0.

10



by the assumption (7), we further get

a; 6] € - €+ 0165 (0.7) © 2 0 (LT - 2 ) o

4  1+b+2a

If £ <0, then ¢ =1 — (1 —b)e" /2 and ¢ = M€, It follows from (15) that

M [9] (6) = /R A€ — o)y — 5(€)
>1- 1;be"€/RJ1(y)e—wdy - (1 - 1;%"5)

1—
= benf (1 _ / Jl(y)e_"ydy) )
R

ANy [9] (€) — cd(§) + 0(8)f (¢.9) (6)

1 —
> b oné [dl (1 - / Jl(y)e‘"ydy) +cn}
R

+ e’ 1-6 1_1_66776_1 _M
- 2 \b 2 P(&) + aeMié

Thus, we have

1-0b
2

e 1l(n, ¢) + g™ K;

where

1— 1 1- (A—m)¢
K= 2L L=b e ) menT
2 \b 2b (&) + aeMs

Since 0 < n < Ay, then (A, —7)§ < 0. Owing to ¢ > (1 +b)/2 over R, we get

(1-0)2 2m

K> _
T 110

0

by the assumption (7). On the other hand, II(n, c) < 0 by the choice of 1, which ensures that (9)
holds. Therefore, we complete the proof.
U

Lemma 3.3 Forc > c*, (¢,v) and (¢,1) satisfy (10) and (11).
Proof. For (10), it is easy to check that
[ e =ty < min {1, [ ey}
R R

11



If £ > 0, then (&) = ¢(¢) = 1. Recall that g(¢,v) = s (1 —1/¢), clearly,
doNs [] (€) = ' (€) + ¥(€)g (6,9) (&) < 0.

If £ < 0, then (&) = M€ and ¢(¢) = 1. Note that A(\;,c) = 0 for ¢ > ¢*, we arrive at

N> [0] () — ' (€) + B(&)g (6,9) (€)
<eMie {dz ( / (e My — 1) St ] .

=eMEA(N, ¢) — se?ME = —5e2ME <.
Hence (10) holds. For (11), it is easy to check that
/ Ji(€ = y)(y)dy > max {0, / Ta(y)eM ) (1 —res€) dy} :
R o R
If £ > &1, ¥(€) =0, clearly, (11) hold. If £ < & <0,

P(§) = eMé (1 — 7"655) and g’(g) = Mt ()\1 —r(\ + 8)655) .

Since € < Ay — A1, we have A(A; +¢,¢) <0 for ¢ > ¢*. Owing to ¢ > (1+0b)/2 over R, we arrive at

doN3 [9] (€) — e (€) + 1(€)g (¢, ¥) (€)
>ds (/ J2(y)e>\1(5—y) (1 _ Tee(ﬁ—y)) dy — PRNES (1 o 7’655))
¢

—ceMt (A — (A +e)et) + seME (1 —re) —
25e2M¢
>eMé {dg (/R b(y)e‘hydy — 1) —cA\ + s] 110

— relhte [dg (/ Jo(y)e~PFe gy — 1) —c(A +e)+ s]
R

216

2se
1+0b

=eMEA (N, €) — reMTEA (N + £, ¢) —

2ge(r1—€)¢
e b - B

1+0

2s
>eMi+a [ _pA(N ~ = ) >0
>e (r (M +e,0) =3

by the choice of . Hence (11) holds. Therefore, we complete the proof.
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3.2 Asymptotic behavior

In the light of upper and lower solutions, a positive solution (¢,)(&) of system (5) is im-
mediately obtained with the aid of Lemmas 2.1. In this subsection, we mainly investigate the
asymptotic behavior of the positive solution as & = oo. We firstly give the existence result on the
positive solution.

Theorem 3.1 Under the assumption (7), system (5) has a positive solution (p,1)(€) satisfying
(140)/2 < ¢(&) <1 and0 < (&) <1 overR for all ¢ > c*.

Proof. From Lemma 2.1, system (5) has a positive solution (¢,4)(€) satisfying ¢(£) < ¢() < ¢(€)

and ¥(€) < ¥(&) < P(€) over R. We first show that ¢(&) > (1 +b)/2 over R. For contradiction,
assume that there is a § € R such that ¢(&)) = (1 + b)/2, we have ¢'(§) = 0 owing to ¢(&§) >

(14 b)/2 over R. By ¢-equation, since ¥(£) < 1, we get B

0 > —diN1[9](80) = ¢(&0) f (0, v) (o) > &(&o) f (1 +0)/2,1) >0

under the assumption (7). Thus, we have ¢(§) > (1+b)/2 over R. Below, we show that (&) > 0
over R. For contradiction, assume that there is a { € R such that ¥ (&) = 0, then ¢/'(§) = 0
owing to (&) > 0 over R. By w-equation, we get

Aqx@—ywwmyzomumyeR.

Thus, we have () = 0 over R, which contradicts ¢(£) > ¥(§) > 0 for { < &. Next, we show
that ¢(£) < 1 over R. For contradiction, assume that there is a £ € R such that ¢(§) = 1, then
@' (&) = 0 owing to ¢(§) < 1 over R. By ¢-equation, we get

0 < —dM[g](g) = -0 g

1+ ag(&)

Thus, we have ¢(£) < 1 over R. Moreover, the case ¥(£) < 1 can be treated similarly. Therefore,

we complete the proof.
O

As for the positive solution (¢, 1)(£) obtained in the above theorem, it follows from (14) that

L= lim 9(¢) < liminf 6(¢) < limsup 6(¢) < lim 3(¢) = L
——00— ——00 £ —00 ——00

0= lim (&) < liminf (&) < limsup (&) < lim ¥(¢) = 0.
——00 ——00 £——00 ——00

Thus, we have (¢,1)(—o00) = (1,0). Next, our main goal is to prove
lim 6(€) = ln_$(€) = uj.
E—+o00

E—+o00

To do it, we define
6 = limsupg(¢), ¢ = liminf §().

E—+o0 §—+00
Yo =lmsup(€), ¥ = liminf ().
E—+oo §—+oo

13



Lemma 3.4 ¢_ < <. < ¢y

Proof We first show that ¢_ < 1 _. For contradiction, we assume that ¢_ > ¢_. First of all, we
consider the case that ¢ () is eventually monotone, then 1(400) exists and

+oo

W'(s)ds = p(+00) = ¥(0) < o0

0

since 1(¢) is bounded on R. Furthermore, we have limsup,_, ., ¥'(§) = 0 if ¢/(§) < 0 for £ > 1
or liminfe o9/ (&) = 0 if /() > 0 for € > 1. Hence we always can find a sequence {,} with
&, — +00 as n — +oo such that

lim (€)= =ty <6 and lim /(&) = 0. (16)

n—-+0o00
Integrating -equation of system (5) from 0 to &,, we obtain

f’!L f’!L

(&) —¥(0)] —do | No[P](§)dE = [ (£)g(e, ¥)(§)dS. (17)

0 0
Note that

én én
Na 6] (€)de = / / L)€ — y) — ¥(€))dyde

_ /0 ) /R J(y)(—y) /0 (€ — ry)drdyde

0

(18)
1 pén
_ / (0 (—y) / / (€ — ry)dédrdy
_ / J(y)(—) / (6w — ) — W(—ry)ldrdy.
Since 0 < ¥(§) < 1 over R, from (J1) and (J2), we further arrive at
[ )=0) [0l = o) = v-rylardy
R 0 (19)

<2 / I(y)lyldy < 4 / (y)evdy < .
R R

One the other hand, by (16), we have
i inf (0, 0)(6) > 9(0-,0-) =5 (1- 2 ) >0

Hence the left-hand of (17) is bounded, whereas the right-hand of (17) is unbounded, which leads
to a contradiction. Next, we consider the case that ¥ (&) is oscillatory as & — +o00. We then can
find a sequence {&,} of the minimal points of ¥ (&) with &, — +o0o as n — +oco such that

lim (&) = ¢ < ¢ and ¥/(£,) = 0. (20)

n—-4o0o

14



And we also have y

n——+o0o ¢_
a repeating argument as above get what we desired. For the inequality ¥, < ¢, we assume that
1y > ¢4 by contradiction. Similar to (16) and (20), one always can choose sequence {,} with

&, — +00 as n — +oo such that

lim (&) = ¥y > 6y and lim /(€)= 0.

n——+o0o

At this moment, (17) still holds, whereas

limsup g (¢,) (&) < g(d4,01) =5 (1 - Z—i) <0.

n——+00

Hence a contradiction arises either () is eventually monotone or oscillatory as & — +oo. There-
fore, we complete the proof.
O

Lemma 3.5 Under the assumption (7), we have (140)/2 < ¢p_ < ¢, < 1.
Proof From Theorem 3.1, we have
(1+b)/2 <¢p_<oL <1

Firstly, we show that ¢_ > (1 + b)/2. For contradiction, we assume that ¢_ = (1 + b)/2. If ¢(§)
is eventually monotone, we have ¢(+00) exists and

+oo

¢'(s)ds = ¢(+00) — ¢(0) < o0

0

since ¢ is bounded on R. Furthermore, we have limsup,_, ., ¢'(§) = 0 if ¢'(§) < 0 for £ > 1 or
liminfe o ¢'(§) = 01if ¢'(§) > 0 for £ > 1. Then we can find a sequence {§,} with &, — +oo as

n — +oo such that
lim_6(6,) = (1+5)/2 andlim_¢/(6,) = 0.
n—-+0o0o

n—-4o0o

Integrating ¢-equation of (5) from 0 to &,, we obtain

én n
c[d(&n) = @(0)]—=dr [ Ni[@](E)dE = | G(§)f (¢,4) (§)dE. (21)

0 0

Hence the left-hand of (21) is bounded similar to the proof in Lemma 3.4, whereas the right-hand
of (21) is unbounded since

liminf £ (6,9) (&) > f (9-,6:) > [ (1+1)/2,1) >0 (22)

under the assumption (7), which leads to a contradiction. If ¢(&) is oscillatory as & — 400, we
also can find a sequence {,,} of the minimal points of ¢(£) with &, — +o0o as n — +o00o such that

lim ¢(&,) = (1+0)/2 and ¢/(€,) =0

n—-4o0o

15



Meanwhile, (22) and (21) still valid, which yields a contradiction. Similarly, we obtain ¢, < 1 by
using blew inequality

| B o ma_
limsup f (6,4 (&) < f (62,0-) = J (1Y) = —7r e <0

Therefore, we complete the proof.

We are in this position to state the existence theorem for ¢ > ¢*.
Theorem 3.2 Under the assumption (7), system (2) has traveling waves connecting (1,0) and
(us,uy) for ¢ > c*.

—+00

a1, Where

Proof. We define a sequence {~,}

1+0
/7—1:T7 70:17

1 Amby,
i1 ==0+1 1-6)2— ———|.
e 2( i +\/( ) %_1+a%>

Under the assumption (7), 7, is well-defined and (1 +0)/2 <+, <1 for all n. Moreover, note that

Tn+1 man
1=, (— - 1) S
( i +1) b Tn—1 + a%Yn

based on the fact that function (1 — ) (/b — 1) is decreasing in (1 +0)/2 <~ < 1, we first show
the following claims hold:

Claim 1. Under the assumption (7), the sequences {7y2,} and {7y2,11} are adjacent, that is
V<< < Yo << Uy < e < gy < v < Y < Yo (23)

Note that 71 < 71 < u} < v2 < 7y holds since

(1=m) (%_1) - 1—1—26712a ~ 1Ta:(1_“§) (%;_1)’
(1=m) (%_1) - 1+Qbﬂi2a = (1;bb)2 = (=) (%_1)’
(1—72)<%—1):ﬁ>02(1—%)<%—1>-

We assume that
V1 < Va1 < Uy < Ypio < Yp With n =2k, k€ N, (24)

16



and will show that
Va1 < Yoz < Uy < Ypia < Yoz With n =2k, k€ N. (25)

Due to v,492 > u5 > 7,41, we have

VYn+3 MYn42 m « u;
1—n, ( —1): > — - (1),
( Tnts) b Va1 + aVnae 1+a ( 2) ( b )

hence uj > v,43. Thanks to 7,42 > u > 7,43, we further get

Yn+4 myn+3 m * u;
1— ( - 1) - < 1w (2 -1).
( K +4) b Yn+2 + AYn+3 1 +a ( U2) ( b )

which implies that 7,14 > u5. On the other hand, from (24), we have

Yn+3 myn+2 mom TYn+1
1=, ( —1): < — (1=, ( —1),
( K +3) b Tn+1 + A Yn4-2 Tn—1 + a%Yn ( 7 +1) b

hence ¥,43 > Vne1. Due to yp13 > Ynp1 and v, > Y,40, we further get

Vn+4 mMYn+3 mMYn+1 Tn+2
1—n, ( —1): > — (1=, ( —1).
( fy +4) b Yn+2 + a7n+3 Tn + CVYn—l—l ( 7 +2) b

Hence we readily get (25), which further asserts (23). Therefore, the claim is valid by mathematical
induction method.

Claim 2. The sequences s, and 7,,-1 converge to uj, respectively.

From Claim 1, the sequence 7, is decreasing with u3 as the lower bound and the sequence
Yon—1 1S increasing with uj as the upper bound, then there are two constants v* and -, with
v* > uj > v, such that v9, = 7v* and y2,-1 — 7. as n — +00. Note that the inequality below

h/* - 7*| S h/* - 72n| + |72n - 72n—1| + |72n—1 - 7*|a

therefore, it is sufficient to prove that the sequences 7o, — v2,-1 — 0 as n — 400. Note that

s g T g x - 4
(1+b)/2aém,y§1 Or \y+ax) Oy \y+ax ~ (1+a)2(1+b)?

by using mean value theorem, we have for all n € N*

byon—2 B bYon_1
Yon—3 + @Yon—2  Yon—2 + GYon—1
4b
< (14 a)2(1 +b)? [(V2n—2 = Y20-3) + (Y2n—2 — Y2n-1)],
8b
< (1 T a)2(1 I b)2 (72n—2 - 7271—3)7

17



- 2
(1+a)?

owing to Yo,,—3 < Y2n_1- Then a direct calculation gives

1 4mbyg,— 4mbys,,
Yon — Von—1 = 3 (1 — b)2 — moan—1 _ (1 _ b)2 o moyon—2
2 Yon—2 + aYon—1 Yon—3 —+ AY2n—2

om ( byon—2 _ byon—1 )

Yon—3+av2n—2 Yon—2+ay2n—1
4mb’yg 1 4mb’an 2
1—0b)2 n- (1—
\/( b) V2n—2+aYn2—1 - b " Yen-3+ayan_2
2%m. byon—2 _ byon—1
< Y2n—3+ay2n—2 Yon—2+ay2n—1
B (1 _ b)2 __Ambyan
Yon—2+ay2n—1

im
(4a)?

2 4mb
1+a

p(72n 2 — Von— 3)

3 . 2
_(1+q) \/b2+4<1 b) )
8 1+a

one can lightly verify the sequences 72, — V2,1 — 0 as n — 400. Hence, the claim is valid.

(72n—2 - 72n—3)

(V2n—2 - 72n—3)

If p € (0,1), that is

Now, we show that (¢, v)(4+00) = (u3, u}). From Lemma 3.5, we have

Vo1 <o <P <Py <oy <o

From Claim 2, knowing that (¢, 1)(+00) = (uj, us) holds as long as for all n € N*

Yon—1 < O— < Y- <Py < Py < Yo
Hence we define

nog =sup {n € N*| yo,_1 < ¢_ <v_ <oy <y <70},

and we will show that ny = +o00. By contradiction, we assume that ng is finite. From the definition
of ng, it holds that either

Yong—1 = ¢— S Y- <Yy < Py < yop
or
Yono—1 S ¢— S Y- <Py < Py = Yon.
Firstly, we assume that ¢_ = y9,,,_1. If ¢(§) is eventually monotone, then ¢(+00) = 79,1 and

—+00

@' (£)dE = Yang—1 — #(0) < 0

0

18



since ¢(§) is bounded on R. Furthermore, we have limsup;_, ., ¢'(§) = 0if ¢'(§) < 0 for £ > 1 or
liminfe ;o ¢'(§) = 01if ¢'(§) > 0 for £ > 1. Then we can find a sequence {§,} with &, — +oo as
n — 400 such that

lim ¢(&,) = Yon,—1 and nl_l)r_{loo @' (&) = 0.

n—-+00

Integrating ¢-equation of (5) from 0 to &,, we obtain

én

én
c[d(&n) = 9(O)=dr [ Ni[](E)dE = | &(E)f (¢,4) (§)dE. (26)

0 0

Hence the left-hand of (26) is bounded similar to the proof in Lemma 3.4, whereas the right-hand
of (26) is unbounded since

lériligf (@,9) (&) = f (V2no-1, Y2n0—2)

V2no—1 MYony—2
> (1= g (7—1>— _0,
( Yomo-1) b Y2no—3 + @Y2ne—2

(27)

which leads a contradiction. If ¢(§) is oscillatory as £ — +o00, we can find a sequence {¢,,} of the
minimal points of ¢(§) with &, — +00 as n — +00 such that

lim ¢(€n) = V2no—1 and ¢/(§n) = 0.

n—-+4o00

We further get (26), which contradicts to (27) again. The case ¢, = 72,, can be treated similarly,
since

limsup f (¢,%) (x) < f (Y200, Y2n0-1)

n—-4o0o
Vono mvyony—1
< (1=, ( _ 1) _ —0.
( Vano) b Yono—2 T @V2no—1

Hence we must have ng = +o00, which implies that (¢, 1)(+00) = (ub, u3) and finishes this proof.
U

4 The existence of traveling waves for c = ¢*

This section is devoted to the existence of traveling waves to system (2) for ¢ = ¢*, which
depends on a limiting argument. Let us start with the following result.

Lemma 4.1 For ¢ > c*, the solution (¢,v)(&) of system (5)-(6) satisfies
. Y(§)
lim
g0 P(§)
Proof. From Theorem 3.1, we have ¥(£) > 0 over R. Let

=\E {)\1, )\2}

2(€) = fb(f)) and B(€) = g(€) — do.
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then 1 (§)-equation gives

cZ(€) = dy /R To(y)el" 20 gy 4 B(e),

Since (¢, ¥)(—o0) = (1,0), we have

h(—00)
B —_ g —_ —_ g _ —_ — —_ .
(—o0) =g(—00) —dy = s ( 5(—o0) dy = s — do
By Lemma A.1, we obtain A := lim Z(&) exist, and satisfies

E——o0

e = dy (/ Jo(y)e My — 1) + 5.
R

According to Lemma 3.1, we complete the proof.
O

Now, we choose a strictly decreasing sequence {c, } with ¢, € (¢*,c*+1) and lim,,_, ¢, = ¢*.
Thus, for each ¢,, there exists a positive solution (¢,,¥,)(£) of system (5)-(6). From the above
lemma, we have ¢/ ({) > 0 for £ < —1 since ¥,(§) > 0 over R. On the other hand, since
(¢, Vn) (€ + a) for any a € R is also solution of system (5)-(6). Therefore, we assume that there
exists a positive constant ¢ < min {(1 + b)/8,u;/2} such that v,(0) = § and 1,,(§) < § for £ < 0.

Theorem 4.1 Under the assumption (7), system (2) has a traveling wave connecting (1,0) and
(uj, ud) forec=c*.

Proof. From Theorem 3.1, we have (1 +0)/2 < ¢,(§) < 1 and 0 < ¢,,(§) < 1 over R, then ¢/ (&)
and v/ (¢) is uniformly bounded over R from system (5), which implies that ¢,,(£) and 1, (§) are
equicontinuous. Additionally, it follows from (J/2) that

5 [t vt = | [ fae- o< [ 1561,
}CZ/Jz(s yn(y)d }— [ 6=ty } [ 151

Then by calculating derivative on & in system (5), we know that ¢/ (&) and ¢! (€) are uniformly
bounded over R, which implies that ¢/ (£) and v/ (£) are equicontinuous. Hence, by Arzela-Ascoli
theorem, up to extracting a subsequence for necessary, there are functions ¢(£) and (€), such

that (¢, 1¥,) (&) and (¢, ¥]) (&) converge uniformly to (¢,1)(§) and (¢',1")(£) on every bounded

interval and point-wise over R. Furthermore, the dominated convergence theorem yields that

/R 1€ — 9)on(y)dy — / (€ — 1)é(y)dy as n— +oo,
/R (€ — y)ba(y)dy — / Jo(€ — y)d(y)dy as n — +oo.
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Therefore, we know immediately that (¢, 1)() is a solution of system (5) with ¢ = ¢* by letting n —
+00 in system (5) with (¢, 1)(&) = (P, 1¥n) (). Simultaneously, we also have (1+5)/2 < ¢(£) < 1
and 0 < ¢(£) < 1 over R. Similar to proof in Theorem 3.1, we obtain that (14 b)/2 < ¢(§) < 1
and 0 < ¢(£) < 1 over R.

It should be emphasized that the proofs of Lemmas 3.4 and 3.5, and Theorem 3.2 are inde-
pendence of ¢, then we still get (¢, ¢)(+00) = (ud, u3). Therefore, what we need to do is to prove
(¢, 1) (—0o0) = (1,0). Naturally, we define

6 =limsup 6(&), ¢ =liminf 6().

{——o00

U= lmsup (), v = lminfu(g),

£——o0 -

and then divide our proof into the following two cases.
Case 1. ¢ = ¢. In this case, we will prove that ¥(—o00) exists and equals to 0. Actually,

assume that 1) < E,_there exist two sequences {z,} and {y,} satisfying z,,, y, — —occ as n — 400
such that

lim (ra) =¥ and lim (yn) = V.

n——+00

From Lemma A.2, we have ¢'(—o00) = 0 since ¢(—o0) exists. Using Lemma A.3, for any sequence
{7} with 7, = —00 as n — 400, we get

lim N [¢](r,) = 0.

n——+0oo
Selecting {7,} as {x,} and {y,} respectively, and letting n — 400, we arrive at
{ ¢(—00) f (¢(—00),v) =0,
¢(—00) f (6(~00),4) = 0.

Since ¢(£) > (1 +b)/2 over R, we must have

f (6(=00),8) = f (#(~o0), ) = 0.

From the expression of f(¢,1), automatically,

mg  my
¢(—00) +a  ¢(—00) + arp’

which yields that ¢ = ) and ¥(—o0) exists. From Lemma A.2, we have 1)'(—oo) = 0. Similarly,
for any sequence {7,} with 7, = —o0 as n — +o0,

lim MN:[¢](r,) = 0.

n——+o0o

Hence, we have



Thus, one of four cases may happen:

(¢(=00), ¢(—00)) = (b,0),
(¢(=00), ¥(=00)) = (1,0),
(¢(=00),9p(=00)) = (u7, uy),
(¢(—00),1h(—00)) = (ug, u3)

Since 0 < uj/2 and ¢(&) > (1 +b)/2, we have (¢, 1)(—o0) = (1,0).
Case 2. ¢ # ¢. We claim that ¢)(—oc) = 0. Otherwise, there exist ¢ € (0,0) such that

limsup (&) = ¢. (28)

E——o00

Up to extracting a subsequence, there is a sequence {/,} with ¢,, — —oo as n — 400 such that
¢
v(ly,) > 5 for all n.

From the uniform continuity of ¥(§), we have for an appropriate ¢; > 0

Ul +6)> S for £ € (~a )

Now, we consider initial value problem

2
o= daNifel(ant) +0 (1- 125 ),

QO(ZL’, O) = 90(1')7
where p(z) satisfies the following conditions:

1

(x) is uniformly continuous on x,

(1) o(x)
(2) ¢(z) = (/4 for v € [—€1/2,&/2],
(3) ¢(x) is decreasing for = € [¢1/2, €] and increasing for x € [—€1/2, —¢y],
(4) p(z) =0 for |z| > €.

Spreading speed theory [37] gives for ¢ € (0, c¢*)

liminf inf ¢(z,t) = 1—+b (29)

t—+o0o |z|<ct 2
Thanks to 6 < (1+ b)/8, there is a constant 7' > 0 such that for ¢ € (0, ¢*)

inf p(z,t) > 24.

|z <ct
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For the above T', we further choose two subsequences {f1,,} and {/s,} satisfying for all n

b — o > T, 0{0) > § and B(lar) > 5.

From v-equation, the function w(z,t) := ¢ (z + c*t + (,) satisfies
2w
wy > doNow](z,t) + sw (1 - —) :

w(z,0) = Y(x + lay).
By using comparison principle [37], we have for ¢ € (0, ¢*)

liminf inf w(z,t) > liminf inf @(z,t) = (1 +b)/2. (30)

t—too |z|<ct t—+o00 |z|<ct

Now, we fix z = 0 and t = ({1, — la,)/c*. Obviously, |z| < ct for ¢ € (0,¢*). Then for t > T
w(0,t) = w(0, (b — l2n) /") = P(l1n) > (0,1) > 20 > ¢

by the choice of (. Hence we obtain

lim sup ¢(§) > ¢,

{——o00

which contradicts to (28). Therefore, we have 1)(—00) = 0. Under the condition ¢ # ¢, there are
sequences {z,} and {y,} with x,, y, — —o00 as n — +o00o such that

lim ¢(z,) = ¢ and ¢/(z,) = 0,

n—-4o0o

lim ¢(y,) = ¢ and ¢'(y,) = 0.

n—-+o0o

From Lemma A.3, taking & = z,, or £ = y,, in ¢-equation, and letting n — +o00, we have

s(1-9) ($-1) <o

-

5@—@(——)20

Since ¢ > ¢ > (1 +b)/2, we have ¢ < ¢ < 1 < ¢, which suggests that ¢ # ¢ cannot occur.

S

Therefore, we complete the proof by combining Case 1 with Case 2.
O

Finally, let us finish the proof of Theorem 1.1 by proving that traveling waves does not exists
for 0 < ¢ < c*.

Theorem 4.2 For 0 < ¢ < ¢, system (2) has no traveling waves connecting (1,0) and (u}, u}).
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Proof. By contradiction, we assume that there exists a positive solution (¢, )(&) of (5)-(6) for
given 0 < ¢y < ¢*. Through boundary conditions (6), we have ¢(£) > 1/K over R for some K > 1.
Let w(z,t) := 1 (x + cot), from 1p-equation, we get

{wt > doNow](z,t) + sw(z, t) (1 — Kw(zx,t)),
w(0,z) = ¢(z).
Spreading speed theory and comparison principle [37] give

1
li inf t) > —.
tr 5o 2\x\:l(lclo+c*)tw(x7 )2 K

As 2x = —(¢o + ¢*)t, we have

w(z, 1) = Y(x + cot) = ¥ <—w + cot) - (M) > 1

which contradicts to ¥)(—oo) = 0. Therefore, we complete the proof.

Appendix

In appendix, some important lemmas used in this paper are given.

Lemma A.1 ([34] ) Assume c > 0 and B(§) is a continuous function with B(co) = limg_,, B(§).
Let Z (&) be a measurable function satisfying

cZ(§) = / Tily)eke "2 gy L Be) in R, i=1,2.
R

Then, Z(&) is uniformly continuous and bounded. Moreover, j := limg o Z(§) exist and are real
roots of the characteristic equation

cp = / Ji(y)e Mdy + B(oo), 1=1,2.
R

Lemma A.2 (/6] ) Assume that w(€) € C*(b, +00) and lime_s oo w(§) exists. Ifw'(£) is uniformly
continuous, then lime_, oo w'(§) = 0.

Lemma A.3 (/[31] ) Assume that J(§) > 0 and/ J(&)dE =1, and w(§) is a nonnegative bounded

R
continuous function on R. Then we have

liminf/ J(y)w(€ —y)dy > ligminfw(&) =w,
R —00

£—o00

lim sup/ J(y)w(€ — y)dy < limsupw(£) = w™.
R

E—o0 E—o0

In particular, if w(oo) exists, that is, w~ = w™ = w(o0), then

lim [ J(y)w(§ —y)dy = w(o0).

E—o0 R
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