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The Spreading Speed and the Existence of Planar Waves for a Class of
Predator-prey System with Nonlocal Diffusion

Min Zhao*, Zhaohai Ma and Rong Yuan

Abstract. In this paper, we study a predator-prey system with general response func-
tion and nonlocal diffusion in high dimensional space and investigate the propagation
properties of its solution. More precisely, we study the invasion speed of the preda-
tor into habitat of the aborigine prey and obtain the existence of the planar waves
by constructing the upper and lower solutions. Finally, we present some numerical
simulations to support our results.

1. Introduction

In recent years, some nonlocal diffusion population dynamics models have been estab-
lished in order to interpret spatial variation of interactions between different populations,
see [5,11]. The study of dynamics of predator-prey interactions plays an important role in
the theoretical ecology [8]. Ducrot et al. [6] discussed the asymptotic speed of propagation
and minimum wave speed of a predator-prey model with Holling type I response function
in one-dimensional space. In this paper, we consider a class of predator-prey model with
general response functions, which is more corresponding with practical biological signifi-
cance. The predator-prey model with general functional response and nonlocal dispersal

in high dimensional space can be expressed as follows:

W (x,t) = diNI[U (-, 1)](x) + U (@, t)(1 - U(z, 1))
— [ (U (,1))V (x,1),
W (,t) = doNo[V (-, )] () + BF (U (,1))V (2, 1)
—roV(x,t)(1 + V(x,t)),

zeRN, t>0.

(1.1)

The system (|1.1]) is supplemented by the initial conditions:

(1.2) U(z,0)=1, V(z,0)=uvo(z), xRV,
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where vy is a nonnegative continuous function with nonempty compact support. In sys-
tem , U="U(x,t) and V = V(x,t) are the population densities of prey and predator
species at time ¢ > 0 and the spatial position € R, respectively. Here the dynamics of
the prey population follow a logistic growth with a normalized (to one) carrying capacity
and r; denotes its intrinsic growth rate. f(U) is the functional response to the predator
population. The constant 5 is a conversion rate, ro is the death rate of predator species,
r1 >0, r9 >0, and 8 > 0. The term d;N; (i = 1,2) describes the spatial dispersal of the
individual. Here, d; > 0 and dy > 0 are the diffusion coefficients for prey and predator
species, respectively. And N (i = 1,2) is the linear nonlocal diffusion operators defined
by

Nlel(@) = i+ 9)(e) = o) = [ Tl = v)olo)dy = olo).

where the symbol * denotes the convolution product with respect to the spatial variable,

and Jp, Jo are probability kernel functions satisfying the following assumptions:

Assumption 1.1. The kernel function J;: RY — R (i = 1,2) is a nonnegative radial
continuous function and satisfies [pn Ji(z)dz = 1, Ji(z) = J;(—x) for all z € RY and
there exists Ao € (0, 400] such that [pn Ji(z)e* dz < oo for any A € [0, Ao).

To address more specifically the spreading speed and planar wave solutions of the
system ([1.1)) with initial value conditions (1.2]), we shall assume throughout this paper

that the general functional response function satisfies certain assumptions, as follows:
Assumption 1.2. The function f: [0,00) — [0,00) is of class C'! and satisfies:
(H1) f(0) =0 and f(z) > 0 for any = > 0;

(H2) f'(z) > 0 for any z € [0, +00);

(H3) @ is continuous and monotonely nonincreasing for z > 0.

Throughout this work, we shall assume the following parameter conditions:

(1.3) Bf(1) >ra, a(Bf(l) —ra) <rire,

where a is a positive constant satisfying a > f/(0).

It is well known that local diffusion models are often used to describe the spread of
infectious diseases in space and the invasion of populations in biology. However, this lo-
cal diffusion model can only be used to describe the diffusion phenomenon near a small
area. In the actual environment, the movements of individuals are usually random and

free [3,|14]. Therefore, the nonlocal diffusion model is more realistic with the biological
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environment. In the theory of reaction-diffusion equations, asymptotic speed of propa-
gation and planar wave solutions play an important role in describing biological invasion
and disease transmission.

Many scholars have conducted a lot of research on spreading speed and traveling wave
solutions in one-dimensional space, see [3}|7,/12,/14,|17,/18]. In this paper, inspired by
the processing of kernel functions in [1,4,/15], we mainly consider the spreading speed
and planar wave solutions of predator-prey model with nonlocal diffusion and general
response function in high-dimensional space. First, we consider the spreading speed of the
predatory into habitat of the aborigine prey for model with initial datum . Then,
we consider the existence of the planar wave solutions which connects the predator-free
state (1,0) with nontrivial state of the system . We will obtain that, under certain
conditions, there exists ¢* > 0 such that for ¢ > ¢*, system admits invasion planar
wave solutions with wave speed c¢; while for 0 < ¢ < ¢*, system has no invasion
planar waves with wave speed c¢. We show that the spreading speed of the predatory is
the minimal wave speed ¢* of the invasion planar waves.

This paper is organized as follows. In the next section, we establish some preliminary
results. In Section [3| we give the proof of the spreading speed by using the comparison
principle. In Section [4 we firstly present the proof of the existence of the planar wave
solutions by constructing appropriate upper and lower solutions under the assumption of
the compactly supported for the kernel function Jo. Then, we obtain the nonexistence of
the invasion planar wave solutions. Finally, we have the result that the spreading speed
of the predatory is the same as the minimal wave speed ¢*. In Section [5| we present some

numerical simulations to support our results.

2. Preliminaries

Let

X = {w(z) | w(z): RN — R is bounded and uniformly continuous}

with norm
lwllx = sup [w(z)],
zeRN
thus (X, | - ||x) is a Banach space. The positive cone X is defined by
Xt={weX:wx)>0,VzecR'}

Furthermore, for any constant d > 0, let

Xg={we X :0<wkx) <d VzecR"}.
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Set the order of the space X2 = X x X as follows:

w<w <<= wx)<w(z), zeRY, i=1,2

—1

for any w = (, (2), wy(2)) and @ = (w1 (x), Ws(x)) € X°.
We define the set X% C X? by

X% = {(w,ws) € X2:0<w; <1and0<wy <al,

where a := % f(1) = 1. Our initial datum will always be chosen in this set. Here, we
point out that under Assumption the set X%I is positively invariant under ,
therefore this system generates a strongly continuous nonlinear semiflow, denoted by S,
ie, S={S(t): X} — X%}+>0. In particular, this means that problem with initial
conditions admits a unique globally defined solution (U, V') with

(U, V) e CH[0,00),X?) and (U, V)(-,t) e X5, Vt>0.

Since (U, V) is bounded from [0, c0) into X?, it follows from that the time deriva-
tive of (U, V) is also bounded from [0,00) into X2. Hence, for each given initial data
vg € Xa, the corresponding solution (U, V) = (U, V)(x,t) of system (L.1) with (1.2) is
uniformly continuous on RY x [0,00). Furthermore, if vy admits a nonempty compact
support, then V(t,2) > 0 for all t > 0 and z € R,

For our purpose, we would firstly like to present a comparison principle for the following

equation with constant coefficients:

Qulet) — qNTw(-,8)](x) + rw(z, )(s — w(z, b)), = eRN, t>0,

2.1
@1) w(zx,0) = x(x), z e RN,

where N[w] := J x w — w, kernel J satisfies Assumption and the initial data xy € X,
admits a nonempty compact support. The parameters satisfy d > 0, » > 0 and s > 0.
When N = 1, Jin and Zhao |10] studied a scalar periodic logistic equation with nonlocal
diffusion and established a comparison principle. To our knowledge, a comparison principle
for general nonlocal diffusion equation in high dimensional space can not be found easily.

For reader’s convenience, we provide a proof for such equation.

Proposition 2.1. Let w be a solution of (2.1)) with w(-,t) € X for allt > 0 for a given
X € Xs. If z(-,t) € X5 and z(z,t) satisfies

L) > ANTz(- )] (@) + r2(w, t)(s — 2(2,1)), € RV, ¢>0,
2(x,0) > x(a), v € RY,

then z(x,t) > w(x,t) for allz € RN, t > 0. Similar result holds for the reverse inequality.
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Proof. We prove the proposition by modifying some arguments of |10, Theorem 2.3]. De-
fine x(z,t) = z(z,t) —w(x,t) forall z € RN, ¢ > 0, and k(t) = inf, cpn #(x,t) for all £ > 0.
Clearly, £(t) is continuous in ¢ and £(0) > 0. We prove that k(t) > 0 for all ¢ > 0. Indeed,
by contradiction, we assume that for § > 0, there exists tyg > 0 such that k(tp) < 0 and

(2.2) K(to)e ™ = min k(t)e™® < r(r)e ", Y71 € 0,t).
te(0,to]

It follows that there exists a sequence of points {x}}7, such that x(xy,tg) < 0 for all

k> 1 and limy_,o0 (2K, to) = K(to). Let {tx}32, C [0,%0] be a sequence such that

. K(Tr,tp)e “F = min k(xg,t)e .
2.3 t Oty : t ot
tel0,to]

Let me = minyeg 4y—¢] ﬁ(t)e_ét for any e € (0,tp). Using (2.2), we obtain
lim /{(ﬂ:k,to)e_&o = @(tg)e_&o < me.
k—o00

Thus, there exists an integer K. such that for all £ > K,
Kz, to)e 0 < m. < k(t)e % < k(xp, t)e 0, Yt e [0ty — €.

By (2.3), we have
e~ 0t dto

k(g tr)e %% = min k(zy,t) < k(xg, to)e ",
te[0,to]

thus, tx € [to — €, o] for all £ > K.. Then we deduce that limy_,, tx = tg. Due to
—dto —0ty —0Oty, —dto
K(zk, to)e " > K(wg, t)e” " > K(tk)e " > K(to)e ",

we get
/{(mk,to)e—d(to—tk) > w(ap, ty) > /{(to)e—d(to—tk).

Letting k — oo, we have limy_, o £(2, tx) = K(tp). Then (2.3)) implies that

8(/@(ajk,t)e_‘5t) _sto [Ok(xp, tr)
> ANk T = Otk [ 2D TR ,
0> T - e T 0k(xp, tr)
Thus On(ea 1)
% < 0k(zg, tr).

The function g: R — R is denoted

g(l) :==rl(s —1),

where [ := [(z,t), Vo € RV, ¢t > 0. By the definition of g, for every My > 0, there exists
constant L > 0 such that

(2.4) 9(2) —g(w)| < Llz —wl|, Vzw e [0, My].
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Because x(xg,t;) < 0 and by (2.4), it follows that

8H($k,tk) _ 8Z($k,tk) _ 8w(mk,tk)
ot ot ot
= dN[s(-, te)|(zk) + g(2(zk, tr)) — g(w (@, tk))

>d [/RN J(zr —y)r(y, tr) dy — /f(fﬂk,tk)} + Lk(wg, tr)-

Then

W — Lk(zp, ty) — d [/RN J(x — y)r(y, te) dy — “(M?tk)]

< (60— L+ d)k(zg, tr) — de(ty).

0<

Letting k& — oo, we obtain 0 < (§ — L)k(tp). For § > L, it follows that k(tp) > 0, a
contradiction. Therefore, we get x(t) > 0 for any ¢ > 0. Thus, we obtain x(z,t) > 0, i.e.,

2(x,t) > w(x,t) forall z € RN, ¢t >0.
We complete the proof. O

Remark 2.2. Through the proof of Proposition [2.1] we can generalize its conclusion to a

more general system:

wlet) = ANTw( -, 0))(@) +w(z, ) F(w(z, b)), = eRY, t >0,
w(z,0) = x(x), z e RN,

where F' € C'(R,R), F,, < 0 for all w € R, we have z(x,t) > w(z,t) for all z € RV, ¢ > 0,

where z(x,t) satisfies

B2wh) > ANT2(-,t))(2) + 2(z, t)F(2(2, 1)), = € RN, ¢ >0,
z(2,0) > x(z), zeRY.

Moreover, Jin and Zhao [10] studied the spreading speed of a scalar periodic logistic
equation with nonlocal diffusion in one-dimensional space. Diekmann [4] investigated the
spreading speed of the nonlinear integral equation of mixed Volterra—Fredholm type in
high-dimensional case. Ma [13] explored the asymptotic speed of spread of a general
nonlocal diffusion equation in n-dimensional case. Based on their research, we conclude
that system has the following spreading speed.

Proposition 2.3. Let w be a solution of (2.1)) with w(-,t) € X for allt > 0 for a given

d J(z)e’®1 dz—1
X € X5 and ¢ := infocrcy, [IRN (gc)e/\ ‘ ]MS > 0. Then the following statements are

valid.
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(i) For any c > ¢, if x has a nonempty compact support, then

(2.5) lim sup w(z,t) =0;

70 al|>et
(ii) For any 0 < ¢ <¢, if x(-) #0, then

liminf inf w(z,t) = s.
t=00 [lzf|<ct

Since the kernel function J; satisfies Assumption [I.1] we define

20 oy Ly B e 1] 4 B
' T 0<A<Ao A '

3. Spreading speed

In this section, we will discuss the spreading speed of the predator for system (1.1)) with
initial values ([1.2)) and establish the following theorem.

Theorem 3.1. Under the assumption (|1.3)), the constant c*, defined in (2.6)), corresponds
to the spreading speed of the predator for system (1.1|) with initial datum (1.2)) and 0 <
vo < «a. This means that the density of the predator V.= V (x,t) satisfies the following

statements.

(1) For any c > c*, if vy is a nonzero compactly supported continuous function, then

lim sup V(z,t) =0;

790 ||| > et
(2) Forany 0 <c<c*, ifvy(-) Z0, then

liminf inf V(z,t) > 0.

t=o0 ||zl <ct
Proof. First, we prove that

(3.1) lim sup V(z,t) =0 for any ¢ > c".

E=00 |l >ct
Since U < 1, using (H2), we get that f(U) < f(1) and the function V satisfies
oV (z,t)
ot
By Proposition for all (z,t) € RY x [0,00), we have V(z,t) < V(z,t), where V

satisfies

< doNo[V (-, 0)|(x) + Bf(1)V (2, t) — roV (z, t) (1 + V(z,t)), x€ RN, t > 0.

WD — NGV (- 0)]() + BFV (,8) = 12V (2, )(1+ V(x,8), z €RN, £ >0,

V(z,0) = vo(x).
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Hence, according to (2.5)) in Proposition we obtain (3.1]).
Now we prove the statement (2), namely

liminf inf V(z,t) >0 for any given ¢ € (0, c").

t=00 ||z <ct

According to (H2) and (H3), we deduce that f(z) < az, where a > f(0) > 0. Since
V(x,t) < a, the function U satisfies

AU (z,t)
ot

Hence, according to the second condition in ([1.3)), i.e., a(Bf(1)—r2) < rirg and U(z,0) = 1,
we derive from Proposition [2.1] that

> d MU (-, 0)](z) + Uz, t)(r1 — aa — mU(z,t), xRN t>0.

(3.2) Ulz,t) > Uppn =1 — %(ﬁfu) — 1), Yz eRN t>0.
172

Also using (3.2)), U < 1 and (H2), the function U satisfies

oU (z,t)
ot

Because U(z,0) = 1, the function 1 — U(z,t) satisfies

> MU O](@) + 1 Unin(1 — Uz, 1)) — FO)V(2,8), xRN, t> 0.

t

(3.3) 1-U(z,t) <u(z,t) := f(l)/ exp(—r1Umin(t — s)) exp((t — s)daN1) [V (-, s)](x) ds
0

for all z € RV, ¢t > 0. By (H3), we deduce that f(U) > —f(1)u@ + f(1). Plugging (3.3)

into the V-equation in yields

AV (z,1)

by or 2NV C0N)

V()= BFE(, 1) — 1oV (1) — 12+ BFD)], z €RY, £ 0.
Let € € (0,¢*) be given, d9 > 0 small enough and §yp < Bf(1) — ry such that

uf dg[fRN Jg(x)eml dx — 1] + 5f(1) — 79 — (50 N C* e
0<A<Ao A

Next, we claim there exist M > 0 and 7 > 0 large enough such that
(3.5) Bf(Du(x,t) < 8o+ MV (z,t), zeRN t>r.

Indeed, to prove the claim, it suffices to show that there exists some constant M > 0

such that, for any ¢t > 7 and € RV, we have

(3.6) Bf(Vu(x,t) > = pf(Lu(z,t) <o+ MV(x,t).
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To the aim, we consider the strongly positive semigroup {7'(¢)}+>0, where
T(t) := exp(tdiN7), t>0.

According to [9], we know that the solution W of the problem

ow(zx,t)
ot

where 01 denotes the Dirac mass at z = 0, can be decomposed as

=di{[J1 *w(-,t)](x) —w(z,t)}, t>0with w(-,0) =0,

Wz, t) = e M6 (z) + K(z,t), xRN, t>0,
where K is a nonnegative smooth function satisfying the estimate

(3.7) K(z,t)de <2, Vt>0.
RN
Thus, the semigroup {7'(¢)}+>0 can be expressed as

T(t)[pl(x) = e "hp(z) + | E@—ye@)dy, V20, 0 X,

389

Using the above formula for T'(t), the function 8 f(1)u(z,t) can be decomposed as Sf(1)

u(x,t) = Wi(x,t) + Wa(z,t), where

t
Wi (z,t) == aﬁf(l)/ e_ﬁl(t_s)V(:c,s) ds, f1:=dy+71Umnin >0,
0

t
WQ(xa t) = aﬁf(l)/ / e_/6)2(t_s)[((aj —y,t— S)V(yv S) dyds: 52 = 11Umin > 0.
0 JRN

Since dy > 0 is fixed, there exists 7 > 0 large enough such that

do

t—7 t—7
(3.8) aﬂf(l)oz/ e Alt=s) g5 < Z—O, 2a6f(1)a/ e~ P2(t=9) g5 < 1
0 0

In order to prove (3.6), we consider ty > 7 and xo € RY with 8f(1)u(xo,to) > do. First,

since V' < a, from (3.7)), it follows that

do < Bf(1)a(xo,to) < aBf(1)a /0 T et g 4 2aBf(1)a /0 T et g,

to

(3.9) +aBf(1) / A0 (20 ) ds

to—T

to
aBf(1) / / e=2200-9) K (30 — 1 10 — )V (3, ) dyds.
to—7 JRN

This combined with (3.8)), yields

0B [ MVt =Dl +agf) [ [ PRV —to =Dyl > T
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Next, choose r > 0 large enough such that

aﬂf(l)a/ / e UK (y,1) dydl < @.
0 Jllyl=r 4

According to V < «, it follows that

850 [ Vo to-atrass) [ e OV —uto - a2 .
YyI\=r

Let n > 0 small enough such that

U U
aBf(l)a [/ e Al +/ / e PUK (y,1) dydl] < @.
0 0 Jll<r 8

Thus, using the same argument as above, it follows that
T T 5
0B1(1) [ PVt - di+asf(V) [ [ PRV 0 gt Didydi = Y.
n n Jlyll<r

Setting € > 0 by

570 — ’ =Bl ! —pBal
S 0 [aﬁf(l)/?7 e dl—i—aﬁf(l)/77 /”y|<re K(y,1)dydl

I

it follows that there are ly € [tg — 7,to — 1] and yo € B,(xg) such that V(yo,lo) > 6.
Furthermore, since the function V is uniformly continuous on R x [0, 00), there exists

p > 0 independent of (yo,lp) such that

V(y7 ZO) >

N D

) vy € EP(yO)a

where B represents the closure of B. Finally, we define a uniformly continuous function

Zy < g in R such that

Zo(x) = 3, Vo e Bg(0), Zo(x) =0, Vo cRY\B,0).

Clearly, the function V satisfies
oV (x,t)
ot

Since Zy(x) < V(yo + x,ly), according to the comparison principle, we obtain

> doNo[V (-, 0] () — (1 4+ a)V(xz,t), xRN, t>0.

Z(z,t) < V(yo+z,lo+1t), YeeRN t>0,

where Z(-,t) = e"20+) oxp(tdaN3)[Zo](-). Clearly Z(z,t) > 0 for all 2 € RN, t > 0.
Thus, we get that

V(.%'(),to) > Z(iL'() — Yo, o — lo) >:= _ min Z(x,t) > 0.
z€Br(0), ten,7]
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Then, using (3.7)), (3.8), (3.9) and V' < «, we have that

81 (1)(r0,t0) < 22+ 3aBF()ar < 3y + MV (a0, 1),

where we set M = 3y laff(l)ar > 0. Clearly, M is independent of (zo,%p). This

completes the proof of the claim.

Inserting (3.5)) into (3.4)) yields
oV (x,t)
ot

According to the comparison principle, it follows that V (z,t+7) > V(,t) for any x € RY,

> doNo[V (-, 0)](z) 4+ V(z, ) [Bf(1) =19 — 0o — (ra+ M)V (z,1)], zeRN, t>r

t > 0, where the function V is a solution of the scalar logistic equation

QL) — Ay NSV (-, 1)](x)
+V (2, t)[Bf(1) =1y — 60 — (ro + M)V (z,1)], xRN, t> 7,
V(z,0) < V(x, 7).

Then, because € > 0 is small enough and Proposition [2.3(ii), we obtain that

liminf inf  V(x,t) > liminf inf  V(z,t) = Bf(A) =2 —d < 0.
=00 lzl|<(c*—€)t =00 ||z|<(c*—e)t ro + M
This completes the proof. =

4. Planar wave solutions and minimal wave speed

In this section, we mainly investigate the planar wave solutions for system connecting
the predator-free state to a nontrivial state. In Section we give a general result. We
prove the existence of planar wave solutions for system if ¢ > ¢* in Section
In Section we show the nonexistence of planar wave solutions for system if
¢ € (0,c¢*). In Section we explain that the spreading speed of the predatory in
Theorem is the minimal wave speed c*.

4.1. A general result

In this subsection, we give a general result about the planar wave solutions of system (/1.1
with (1.2)). A solution (U, V) to (1.1)) is called a planar wave solutions of (1.1)), if there
exists a function pair (®, V), the wave profile, such that (U, V') (z,t) = (®, ¥)(§), { == v-a+

ct, where c is a nonnegative constant, v € RY is a fixed unit vector and z-v = Z;Vﬂ

IEJ'I/]'.
Here, we focus on the planar waves connecting the predator-free state (1,0) at £ = —oo
to a nontrivial state at £ = oo in the sense that

(4.1) liminf ®(¢) > 0, liminf¥(£) > 0.

£E—o0 E—o0
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In fact, the “nontrivial state” at £ = oo defined in the sense of only means that
the right tail of the planar wave is far from zero. It is difficult to describe the exact
nontrivial state of the system due to the lack of comparison principle and the nonlocal
diffusion of the system.

We make the following transformation:

wz,t) =1-U(z,t), v(x,t)=V(et), a=-—.

™

With these notations, system is rewritten as
w0 =GN 01 e 00 0]+ £ D)ol ),
G (@,t) = daNofo( -, 0)](2) + rav(a, O[BF(1 — u(z, 1)) = 1 = v(z,1)].
At this time condition becomes
Bf(L)>1, a(Bf(l)-1)<L

To find a planar wave solutions of (|1.1)) is equivalent to finding a solution for sys-
tem (4.2)) in the form

u(z,t) = @(&), v(z,t) =), where :=v-z+ct
such that (¢,)(—o00) = (0,0) and

(4.3) limsup¢(§) <1, liminfey(&) > 0.
E—o0 §—o0
Since v is a unit vector, we can rotate the coordinates so that v = (1,0,...,0) in the

new coordinates. Due to the kernel function is a radial function, thus (¢(§), ¥ (§)) satisfies

the following ordinary differential equation independently of the unit vector v:

e/ (&) = diM[B](€) — (€)1 — d(&)] + F(1 — B(£))e (&),

4.4 _ _
- (€)= daNa[Y](€) + rav (OB (1 — ¢(§)) — 1 =4 (8)],

where the linear operators N; are defined by

MM@:Ame@wmmrm& =12,

and

Jl(xl) :—/ Ji(l‘l,fvz,...,xN)diL'Q"'de, ’i:1,2.
RN-1
Thus, according to the definition of N;, N; (1 =1,2) and ({2.6]), we have

o Ll Tae0e dn = 1)+ 65(1) — 1
©0<A<No A '

We begin with the following definition.
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Definition 4.1. A pair of functions (¢,v), (¢,¢) € X} is called a pair of super and sub
solutions of (4.4)) if (¢, 1) < (¢,) for all ¢ € R and the following inequalities

~

(4.5) ¢ (&) = diN[9](€) — rd(&)[1 ¢<5>]+f<1—$<5>)$<5>
(4.6) (&) > daNa[Y)(€) + ra () [BF (1 — ¢(€)) — 1 — ()],
(4.7) e/ (&) < diMi[9)(6) — r1 (&)1 9(5)]+f(1— B(€))%(8),
(4.8) et (&) < daNa[W](€) + rag () [BF(1 — $(€)) — 1 — ¥(9)]

hold for all £ € R\ F, where E denotes some finite set £ C R and X 2 = X1 X Xg, where
a:=pf(1) -

Lemma 4.2. Let ¢ > 0 be given. Let (¢,), (¢,9) be a pair of super and sub solutions
of (4.4). Then, system (4.4) admits a unique solution (¢p,1) such that

(0(£),¥(8) < (¢(€),¥(€)) < (8(),¥(8)), E€R.

Proof. For each (¢,9) € X7, we define the nonlinear operators Fy, F» on X7 by

Fi(6,9)(€) := M1g(€) + diNi[)(€) + f1(¢,)(€),
Fo(¢, ) (€) := Myap(€) + doNo[9)](€) + fa(6,)(€),

where

f1(6,9)(€) := —ri¢(§)[1 — ¢(§)] + f(1 = d(£)($),

fa(@,9) (&) == rapp (OB (1 = (&) — 1 = (E)].

Here, M7 denotes some large positive constant such that F; and F5 satisfy proper mono-
tonicity in ¢ and ¢, respectively. With these notions, let P = (P, P2): X? — X2 be

3 My (E—s)
P1<¢,w><£>:—1/_ e Ry (6,9) (5) ds

C

13 My(e—s)
P2<¢,w><s>::1/_ e 1y (6, 9) (5) ds

c

Let ¢ > 0 be a small constant. Denote

B,u(R,R?) := {(cb,w) € X% (¢, 0) = zgﬂgmaX(W(&)\, [W(€)))e Il < oo} :

Then, (B, (R,R?),|-|,) is a Banach space. Define

={(¢,¥) € Xji: (.9) < (6,9) < (6,9)}-
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Thus, I' is a nonempty convex, closed and bounded with respect to the norm | - |,.

Since f1(¢,) is monotone increasing in 1 and fa(¢, 1) is monotone decreasing in ¢,
we have

Fi($,4)(€) = Mig(€) + diNi[9]($) + f1(6,)(§) = Ey,
Fy(6,9)(€) < Mid(€) + N [B)(6) + f1(6,0)(€) = Fy,
Fo(,9)(8) > Migp(€) + daNa[W](§) + fa(@, 1)(€) =: F,
Fo(¢,9)(€) < Myp(€) + daNo[P)(€) + fo(4,9)(€) =: Fa

Let

1 /& me-s _ 1 (& me-s—
P1<5>:=/ e e Fi(s)ds, Pui¢):= / e” ¢ Fi(s)ds, £€R.

CJ 0o €CJ-x

Then it suffices to prove that

H(&) <P (&) <Pi(§) <9(¢), €€l

Indeed, let
E={E\ Es,...,E,},

and denote Ey = —o0, Epy1 = oo, If £ € (Eg_1, ) with some k € {1,2,...,n+ 1}, then

P ¢ My (E—s) —
Po=1[ s
k—1 1 B 1 /€ My (—s)
(oLt e
(L ) ) emon
k=l B0 g g€ Mye—s) B
- </E+/ ) (6 () + Mig(s)) ds
= 5(e).

Since P1(£) and ¢(£) are continuous functions, we obtain

Pi(§) <9(§), ¢eRr

In a similar way, we can deduce that

@(6) S Bl (f)? § € R7
and

(&) < Po(9,00)(€) <¥(€), £€R.

Thus, we have P(I') C I'. In addition, if p satisfies p < 1‘24—01 (the proof is similar to [16,
Lemma 3.4]), we obtain that P: I' — I' is complete continuous in the sense of |- |,. Thus,

using Schauder’s fixed point theorem, we complete the proof of Lemma O
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4.2. Existence of planar wave solutions for ¢ > ¢*

In order to construct a pair of proper super-sub solutions, we consider the function

A(N c) :==ds { Jo(z)ert da — 1] —cA+ro(Bf(1) = 1)

RN

= dy [/R Jo (1)t day — 1] —eh+ra(Bf(1) = 1),

where 3 := % By the convexity, we have the following conclusion.
Lemma 4.3. Let Assumption be satisfied. Then the following statements hold.

(i) If ¢ > ¢*, then the equation A(\,c¢) = 0 has two positive roots Ai(c), A2(c), and
0 < Ai(e) < Aa(e) < Ao Moreover, A(\, ¢) <0, if X € (M1(e), Aa(c)). AN, ¢) >0, if
A € (0, A1(c)) U (A2(c), Ao).

(il) If 0 < ¢ < ¢, then A(\,¢) > 0 for all A € (0, \g).

(iii) If c = ¢* > 0, then A(X,c*) >0 for any A € (0, \g) and A(\,c*) = 0 has a unique

root \*.

The following theorem presents us the existence of nonnegative solutions of system (4.4))

with ¢ > ¢* connecting the predator-free equilibrium (1,0) at £ = —oc.

Theorem 4.4. Let ¢ > ¢* be given and fized. Then, (4.4)) admits a nonnegative solution
(¢, ) such that limsupe_, . (¢(¢),1(¢)) = (0,0).

Proof. Let ¢ > ¢* be given and fixed. We define the following continuous functions:
—- Ke/\£1 53‘507 7(5) e)\lév 53{17
17 52507 Bf(l)_17 62517
e)\lf - qe77>\l£7 f < 527
P =0, (&)=
Oa 6 2 62'

Define
AN :=dy [/ Ji(z1)eM dzy — 1} —CA.
R
Since A(0) = 0 and
A'(0) = lim {dl/ i(a:l)azle’\xl dzy — c} =—c<0,
A—0 R
there exists A € (0, min{\g, A1(c)}) such that

(4.9) AN =d, [ /R Ji (1) day — 1} —cA < 0.
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For notational simplicity, since c is fixed in this proof, we simply denote A\; = \;(c), i = 1,2.
First, we define &1 by e*& = Bf(1) — 1 and choose a constant £ < min{0,&;} such
that ae1—M& < 1. Next, we set K = e 0. Clearly K > 1 and

(4.10) et < N Ve < &
Then, take n € (1,2) such that
(4.11) N < min{)\g, A+ )\}

Finally, for ¢ > 1 define & = &(q) < 0 by em=HM& — é. Letting ¢ — 0o, we have
&9 — —oo. We can take a constant ¢ > 1 large enough such that & < &y and
S T2 +r2Bf()K
—A(nA1,c)
Obviously, ¢(§) < o(€) for any ¢ € R. Since & < &1, we also have P(§) < (&) for all
el
Now we prove that the functions (¢, ) and (¢,v) are a pair of super and sub solutions

of with (¢, ¥)(—00) = (¢,9)(—00 ) (0,0).
For ¢ > &y, we have ¢(£) = 1 and qb (&) =0, so that

(4.12) +1.

A N[B)(€) — rid(€)[1 — B()] + fF(1 — H(£)D(€) — ¢ (€)
—d, [ [ At - nan - s <o

Thus, condition (4.5) holds for & > &.
For ¢ < &, we have ¢(¢) = Ke* < 1. Moreover, ¢(§) < KeX for all € € R and
(&) = eME for all € < & < &. Using f(2) < ax and the symmetry of the function Jh, it

follows from (4.9 and ( - ) that
AN [B)(€) + F(1 = B(€)P(€) — rp(E)[1 — ()] — ¢d (€)
<d { / J1(z1)d(€ — 1) day — Keﬂ +a(l — @(€)(€) — r (€)1 — KeM] — eAKe

<d {/ KJy(21)eMe20) dgy — KeAg] + (1 — KeM) [ae>‘1£
R

1
< Ke*t {dl {/ jl(:ztl)e)‘gc1 dzi — 1] — c)\} <0
R

Hence, condition (4.5 also holds for £ < &y and thus for any & # &.

We now consider ([{.6]). For & > &1, we get ¥(¢) = Bf(1) — 1. Since ¥(£) < Bf(1) —
for all £ € R, it follows that

doNo[P)(€) + 29 (€)[BF (1 — $(€)) — 1 — B(€)] — et (€)

— Ke)‘g] — eAKeM
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< dy [/R(Bf(l) — D)Ja(a1) dzy — (Bf(1) = 1)| +ra(BF(1) = D[Bf(1) = 1= (Bf(1) = 1)]
=0.
Hence, holds for £ > &;.

For & < &, we get (&) = eM&. Applying ¢(€) < eM¢ for all € € R and 9(€) =0, we
deduce that

do N [)(€) — e (€) + 12 () [BF (1 — 3(€)) — 1 — P(€)]
= dyNo[D)(€) — e (€) + ra(O)[BF(1) — 1 — B(&)]
< doNo[P)(€) — e (€) + ra(Bf (1) — 1)3(€)

= dy [ D(& — z1)Ja(21) dag — eME| — eXgeME 4+ ro(Bf(1) — 1)eMs
R

for all £ < &;. Hence, (4.6]) also holds for £ < & and thus for all £ € R\ {&;}.
Now consider (4.7). Since ¢(§) = 0, using (H1) and () > 0, it follows that

diN1[g](€) = (&)1 = $(&)] + f(1 = B(€)(€) — eg'(§) = F(1)L(€) > 0.

Hence, holds for all ¢ € R. It remains to check that holds true. Clearly, for
§ > &, we have Y(§) = 0 and holds true for & > &,.

For ¢ < &, one has ¢(§) = eM& — g5, Since & < &, we have ¢(¢) = Ke*, thus
0 < ¢(§) < 1. In addition, for any ¢ € R, one has P(€) < eM¢ and P(&) > eME — genMig,
Using (H3), £ < & < 0 and A(A1,¢) =0, from and (4.12)), it follows that

BRIE) + (OB - B(E) — 1 — 9(€)] — ' (€)
> dy /J2 1) (€ — 21) day — (e A15—qe%€)_
(€ BI)(1 - B(E) — 1 B()] — (e — gyger™€)
=dy /R Jo(21)(€ — z1) day — (eME — qemlﬁ):

+ 1o () (BF(1) = 1) = raBF (1) ()B(E) — 1o (€) — c(MeME — gAame™S)
>y | [ Tl ) — e €0 di — (o€ - qe%%]

+ra(Bf(1) — 1) (M€ — qe™18) — o Bf (1) KePTAE — pe?ME — o(AeME — gAne™ )
> e>‘1§A()\1,c) + PRURSTS {—QA(U)\h ) — r2e( M Tzﬁf( )Ke()‘+)‘1_’7’\1)§}

> ™ [—gA(nA1, ) — o — 2B f(1)K] > 0
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Then we get that (4.8]) also holds for £ < & and thus for any £ € R\ {&}.
It follows from Lemma that there exists a unique solution (¢,1) with (¢,9) <

(¢,9) < (¢,%). Since (¢,9)(—00) = (¢, ¥)(—00) = (0,0), we conclude that (¢,)(—o0)
(0,0). This is the end. O

We now derive the existence of nonnegative solutions of system (4.4) with ¢ = ¢*

connecting the predator-free equilibrium (1,0) at £ = —oc.

Theorem 4.5. Assume that the function Jy is compactly supported. Then, system (4.4))
with ¢ = ¢* admits a nonnegative solution (¢,1) such that lime_,_o($(£), ¢ (£)) = (0,0).

Proof. The approach is to construct a suitable pair of super and sub solutions satisfying
the limit condition (¢, 1)(—o0) = (¢, 1)(—o0) = (0,0).

We set the following functions:

_ KM, £<&, Leee, <e.,
P(€) = e S e =14 ge §<&
Loogzh B -1, €>6,

—LE — — )\*57 <&

o) =0, pie = LTI s

0, £ > &3,

where L, K, q are constants to be determined (in order) later while the constant \ €
(0, min{ Ao, \*/2}) is defined as before so that (4.9) holds with ¢ = ¢*.

Since Jo has a compact support, we choose a positive constant G such that
B(@) =0, |lz] > G.

For any large enough constant L, the following equation —Lé&e*'¢ = Bf(1) — 1 has two
negative roots, denoted by &1, & and & < &, and

(4.13) & —& > G

It is easy to see that

& < —% <& <0 and L& >Bf(1) -1 forall € € (&1,&).

Fix Ax € (A" — A\, A\*). Since A < A*/2, we have A\, > A. Because A\, — \* — X\ < 0, we
can take £y < 0 such that

(4.14) fo <min{—1/(A* = \,), &}, MMV (—gp) > aL.

For such a fixed &, we set K := e=*0_ Define function s: R — R as 5(&) := (—£)e(N M),
It easy to see that s() is increasing on (—oo, —1/(A\* — A.)). Then, we have

s(§) < s(6o) for & < &,
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hence, it follows that
—aLeePN TAE « _gLggeN g0,

Since A, > A and (4.14)), we deduce that

(4.15) —aLéet < KeMt < Ke* for all € < &.
According to [2,6], we know that the function z +— Y (2) := [~ Lz —q(—2)"/?]e*"* is positive
and has a unique critical (maximal) point in (—oo, &3), where &3 := —(q/L)?, for any ¢ > 0.

Then, we take g large enough such that

(4.16) €3 < o,
maxe<o {8(—§ + G)3/2 [Tgﬁf(l)K?ze()‘JrA*_’\*))E + T2%6(2)‘*_)‘*)£] }
da [ %(wl)x%e_)‘*xl dxy .
It is clear that ¢ < ¢ on R, and P < 9 on R by , &3 < & < &. Clearly holds
for &€ > &.
For £ < &, one has ¢(¢) = Ke** < 1. Since f(z) < ax and ¢(&) < Ke for all £ € R.
Using & < &1, (4.9) and (4.17), it follows that

N [B)(€) + F(L — B())D(E) — r1(E)[L — ()] — "6 (€)
<di {/R Ji(z1)@(€ — 21) dzy — Keﬂ +a(l = ¢(E)(&) — rig(§)(1 — KeX) — c*AKeM

(4.17) q>

< KeMt {dl [/ jl(xl)e)‘“ drq — 1] — c*)\} +7ri(1— Ke)‘g) r—aLge/\*g —KeM| <0
R 1

for & < &y. Hence, condition (4.5)) also holds for £ < &y and thus for any £ # &.

We now turn to . For ¢ > &1, we have ¢(€) = Bf(1) — 1. Since ¥(€) < Bf(1) —1
for all £ € R, we have

doNo[)(€) + 29 (€)[BF (L — $(€)) — 1 — B(E)] — e (€)
<4, { /R (B (1) — 1)Ja(ar) day — (BF(1) — 1)
+ra(Bf(1) — D[BF(1) — 1 — (Bf(1) —1)] = 0.

Hence, (4.6 holds for £ > &;.
For ¢ < &, from the assumption that J5 has a compact support in Bg(0) and (4.13),

we obtain £ —x1 < & + G < & for all 21 € [-G, G| and
J— ~ G JR— ~
[T dn = [ 9w dn
R e

g/{—L(f—xl)e)‘*(g_’”)}@(m)dxl.
R
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Hence, we have

doNo[](€) — ¢ (€) + rob (E)[Bf (1 — B(€)) — 1 —P(€))]
= doNo[Y)(€) — ¢ (€) + ro (E)[Bf(1) — 1 — ¥(€)]
ol 2 .

< BN [P)(€) — (&) + r2(Bf(1) — 1)(€)
=dy [/R (& — 1) Jo(21) dary + Lée 5] + LA E+1)eMC —rpL(Bf(1) — 1)ée™®

< dy [ [ R =)o € o) ey + Lge”f}
+ LN E+1)eNs — g L(Bf(1) — 1)&e™®

= —L&eME {dg UR AN Jy () day — 1] — N 4 r(BF(1) — 1)}
+ L€ |:d2 /R w10 T o (1) day + c*} =0

for all & < &1, where we use a change of variable z = —x; yielding

400 _ +o0 s
(4.18) dz/ z1e N Jy(21) doy = —dz/ 2eN 2 Jo(z) dz = —c*.

—0o0

Hence, (4.6)) also holds for & < & and thus for all £ € R\ {&;}.
Now consider (4.7). Since ¢(£) = 0, using (H2), and ¥(£) > 0, we deduce that

diN[g](€) = (&)1 = $(&)] + f(1 = B(E)P(E) — eg'(€) = F(1)(&) = 0.

Hence, for all £ € R (4.7) holds. It remains to check that (4.8]) holds true. To do so,
observe that for £ > &3, we have ¥(£) = 0 and (4.8)) holds true for £ > &s.
For £ < &3, one has Y(§) = (—L& — qv/—€)eN' €. Furthermore, for all z € R, we have

(2) > (~Lz - qy=2)e"">. Using (H3), (£13), (1) and

do [/ <72(33‘1)e_>\*$1 dz; — 1] —c* N+ (Bf(1)—1) =0, / <72(£L‘1).1‘1e_>\*x1 dzr1+c* =0,
R R

it follows that

AN 1(€) — ¢/ (€) + ra(©)BS (L — B(E)) — 1 — (€]
> dy [ [ Fterite — o) dn - ¢<5>} C W) + (@ BF)( - 3(6) — 1 - 9(E)]

> dy [ o) {[ = 6 = 0) = a/ =€ =) €} s - do(—LE - g/ =)
L CL+ MO 4 g (A*Jjé - 2%) e
+ o (€)(BF(1) = 1) — raBf()P(E)B(E) — rodp ()
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> dyet [ Jo(x1)[~L(§ — x1)]e ™" day + Lf] + L1+ ANt
R
— qdge™’t [/ Jo(@1)V/—(€ — z1)e ™™ day — \/—75} +c’q <)\*\/—7 - 21> N
B 2 K2
Lg _ q\/i _ T25f ) )\-‘r)\*)f _ wge%*&
/RJQ(IL'l) —(E—x1)e M dry — \/—75} +c*q <)\*\ﬁ — 1) e
KQ
1)gy/—€eM¢ — raBf( ) (AH - ?62/\*5

= e gh1(€) — L(6)],

where
(&) := —d2 [/Rjg(a:l) —(& - xl)e—/\*zl Az — \/_74
+e <A f F) 2(Bf(1) = )V/=E,
(&) :==raff(1 ) (A“ —AE 4 gy K; (2A =M.

Next, to get the conclusion, we need to deduce a lower bound estimate of I; for £ < &s.
Using A(N*, ¢*) = 0 and (4.18)), it follows that

1(€) = —dy {/R Jo(z1) [V=E + V(€ — 1) — V/=Jle M day - J—?}
+c' <A*F— 2\%) —ra(BF(1) = 1)vV/=¢
— o [ o) V€= ] - Vg dn | - zjl
:dg{/ng(xl)[\/fg— V=€ = a)]e N dx } 2F Jo(z1)are™ " day
=y [ B0 oy
where Q(&, 1) is defined by

Q(§7 xl)

N e S )

Clearly

$1[ —(f—fﬁl) —\/jﬂ

V=1 F E—a)  2V/=E[V-(E—21)+ v

VEEVEES )+ vEg

Q(f; 371)
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Because Jy = 0 outside Bg(0) and

2/ € [V + Vg S8£+ G for || <G,

we get the following lower estimate

do
(4.19) L(¢§) > 8(—E+ G2

Finally, we use (4.17)) and (4.19) to infer that

/ Jo(z)ade N dey  for € < &.
R

daN[W](€) — ' (§) + r2(O)[BS (1~ 6(€) = 1~ (€)] 2 0
for all £ < &3. This completes the proof of the theorem. O

The following theorem gives the proof of the existence of nonnegative solutions of
system (4.4)) with ¢ > ¢* connecting the nontrivial state at £ = co.

Theorem 4.6. Let ¢ > ¢* and let (¢,1) be any solution provided by Theorems or
. Then, it holds that limsup,_,, ¢(§) < 1. Moreover, if we assume that aff(1) < 1,
liminfe o ¥(€) > 0 also hold true.

Proof. Let
UV)@,t) = (1= 6,0)(z - v+ cb).
Since V < Bf(1) — 1 in RY x R and (H2), it follows from that U = U(z,t) satisfies

oU (x,t)
ot
such that U(z,0) =1 —¢(z-v) > 0 and U # 0. Indeed, letting = - v — —o0, we have
U(z,0) — 1. Applying Proposition we obtain that U > z, where z is the solution to

> d MU, 0)](x) + Uz, ){[1 —a(Bf(1) —1)] = U(z,t)}, zecRY t>0,

OL = AN [2(-, D)) (@) + rz(e, {1 —a(BF(1) — 1] - 2(2,1)}, 2 € RN, £ >0,
z(x,0) = U(x,0), r € RN,

Also, from Proposition (ii), it follows that z(x,t) — 1 —a(Bf(1) — 1) as t — oo for all
x € RV, Hence, we obtain that

liminf U(0,¢) > liminf 2(0, ),
t—o0 t—o0

ie.,
limsup ¢(ct) =1 — litrginfU(O,t) <1- litrginfz(o,t) =a(Bf(1) - 1).

t—o00

Since ¢ > 0, we conclude that

(4.20) limsup ¢(€) < a(Bf(1) —1) < 1.

E—o0
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To prove the second part, we first show a claim:

(4.21) D = sup 6(¢) <a(Bf(1) - 1).

eR

Indeed, by contradiction we assume that D > @(Bf(1) — 1). Then, from ([4.20) and
?(&) — 0 as & — —oo, there exists {y € R such that ¢(§y) = D. Thus, ¢(&) = D > ¢(§)
for all ¢ € R. Using ¢(—00) =0, ¢ < 1,9 < Bf(1) — 1, and f(z) < ax, we obtain that

diN1[9) (&) — m16(€0)[1 — d(&)] + F(1 — ¢(€0))v(€o)
=d; [/R Ji(z1) (&0 — 1) dxy — ¢(&0) | — r16(€0) (1 — d(€0)) + F(1 — B(&0)) (o)

< d19(%) /R Ti(a1) day — dig(&o) + 71 (1 = 6(60)) (@ (éo) — ¢(&0))
<ri(1-¢)aBf(1)—1) - D] <0.

According to the first equation of , we conclude that ¢'(§) < 0 which contradicts
¢’ (&) = 0. Hence, holds.
From (4.21)), (H3) and aBf(1) < 1, it follows that the function V(z,t) = (z - v + ct)
satisfies
G (@,1) > N[V (-, 1)](2)
+roVi(x, )[(1 —aBf(1)(Bf(1) = 1) = V(z,t)], zeRN, ¢t>0,
V(z,0) = 9(z), z e RN,

Then, a similar argument above will deduce that

liminf (€)= (1 — aBf(1)(BF(1) = 1) > 0.

t—o00

This completes the proof of the theorem. O

The following theorem indicates that the nontrivial state at & — oo is actually a
coexisting state, if system (|1.1)) has a unique coexisting state and the wave tail converges
at &€ — oo.

Theorem 4.7. Let (U, V) be a traveling wave of (1.1)) connecting (1,0) and a nontrivial

state. Assume that the limit

(w,v) := lim (U, V)(§)

E—o0
exists. If the kinetic part of system (1.1)) has a unique coezistence state (U*,V*) satisfying
rnU*(1-U") - f(U")V* =0,
BFUNVE —rV* (14 V7)) =0,

then (u,v) = (U*,V*).
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Proof. According to the assumption, we have (U, V;)(§) — (0,0) as £ — oco. By (4.1)) and
priori estimates, we obtain 0 <@ <1 and 0 < ¥ < a. To the aim, we only need to show
that

(J1xU)(&) —w, (SJ1*xV)(E) —v as&— oo,

if the kinetic part of system (|1.1)) has a unique coexistence state (U*, V*).
Let € € (0,7). Because U(4+00) =T and [ Ji(z1) dzq = 1, there exists Ko > 0 large
enough such that

/Oojl(xl)dm<€ and E—E<U(§)<E+E, V&> K.
Ko 2 2 2
Denote
~ Ko _ 0 _
/le(xl)U(éh —x1)dx; = J1(x)U (€ — x1)dxy + . J1(x)U (€ — x1) day
= I3(§) + 14(8).

Using € — z1 > Ky for 21 < Ko and € > 2Ky, [ Ji(z1)dzy = 1 and U < 1, it follows that

(4.22) I5(€) + 1i(¢) < (a+ %) v —ate VE>2K,

€
2
On the other hand, since w < 1, we have
(4.23) L+ 25> (u-5) (1-5) 2u-¢ vE>2K,
By (4.22)) and (4.23)), we obtain

(1= U)(€) —u, &— oo

Using the same method, we get (J; % V)(£) — ¥ as € — oo. This completes the proof. [

4.3. Nonexistence of planar wave solutions for ¢ < ¢*

Theorem 4.8. Ifc € (0,c*), then (4.4) does not admit any nontrivial nonnegative solution
(¢,%) satisfying (4.3) and limg_, o (4(£), (&) = (0,0).

Proof. To prove this result, by contradiction we assume that (4.4) admits a nontrivial
nonnegative solution (¢, ) satisfying lime_,_ o (¢(§),%(€)) = (0,0) and (4.3) for some
wave speed ¢1 € (0,c¢*). Here, we have ¢ > 0 and ¢ > 0 on R.
Let € € (0, (Bf(1) — 1)/2) be given such that
do[ [ Jo(z1)e?™ day — 1] + ra(Bf(1) — 1 —¢)

co := inf > cq.
A>0 A
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Because ¢(—oo) = 0, there exists a & € R such that 3f(1)¢(¢) < € for all £ < &. Due to
>0 as £ > ¢ and (4.3)), there exists § > 0 such that infes¢) 1(§) > 9.
Define My > 1 by §(Ms — 1) = Bf(1). Then, since ¢ < 1, we get

BF(M)$(E) < (My—1)9(&) for all £ > &.
Using (H3), we deduce that
1t (&) > daNa[)(€) + ra(©)[BF(1) — 1 — e = Magp(€)], € €R,
and the function V (z,t) := o(z - v + ¢1t) satisfies

%(xat) > doNo[V (-, 0)](x) + oV (2, )[BF(1) =1 — € — MoV (z,t)], € RN, t>0,
V(z,0) =y(x) >0, z e RN,

Denote ¢ := (¢1 + ¢2)/2 < ca. Applying Propositions and [2.3((ii), we can infer that

. Bf(1)—1—2e
Letting z1 = —9$2teq, where e; = (1,0,...,0), we have ||z1| < ct. Clearly,

—(ca+c1)t/2 + 1t = (c1 — e2)t/2 - —00  as t — oo.

Thus, it follows from (4.24]) that

Bf(1)—1—2
lim inf 4/(6) = liminf 1 (J‘l : %,t) N ﬁfUMQ o
which contradicts the limit condition ¢)(—oo) = 0. This completes the proof. 0

4.4. Minimal wave speed

In this subsection, we conclude that the spreading speed of the predatory is the minimal

wave speed c*.

Theorem 4.9. In addition to (1.3)), assume that aff(1) < riry and d2 < Bf(1) —r2, and
that Jo has a compact support. Then, (1.1) admits planar wave solution connecting (1,0)

to a nontrivial state with speed ¢ € R if and only if ¢ > c*.

Proof. According to the results in Sections [4.2] and in order to prove the theorem, we

only need to prove that, under the parameter condition dy < Sf(1) — 72, the nonnegative

planar wave solution (¢, 1) of system (4.4) combined with (¢,)(—o0) = (0,0) and (4.3])
satisfies ¢ > 0. Indeed, by contradiction, we assume that (4.4) admits a nonnegative

solution (¢, 1) with speed ¢ < 0 satisfying (¢, 1)(—o0) = (0,0) and (4.3).
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Due to (¢,1)(—o0) = (0,0) and (H3), there exists a sufficiently large constant M3 such
that for all £ < —Ms3,

raBf(L—6(€)) — 1= (8] = r2[Bf(1) = BF(L)(E) — 1 — (€]

4.25 el
(4.25) op =B

Since J, > 0 and ¥ > 0, it follows from and that for all £ < —Mas,
/' (§) = da /R Jo(& = x1)¥ (1) day — dao(€) + rav(§)[BF(1 — 6(§)) — 1 — ¥(&)]

> ro(E)[BF(1) = Bf(1)p(€) — 1 — (&)] — datp(€)
> Ly (&) — darp(€)
= (L1 — d2)9(§).

Moreover, according to the condition dy < Bf(1) — r2 = ra(Bf(1) — 1), we have
Lo := L1 — dy > 0. Integrating from —oo to y < —Ms3 for the above inequality, we have

Yy
cb(y) > Lo / P(E)dE, Yy < —Ms.

Thus, we have ¢ > 0 which contradicts ¢ < 0. This completes the proof. 0

5. Numerical simulations

In this section, we illustrate the main results by using numerical simulations.

For simplicity, we consider N =1, f(U) = +U, that is, the system (|1.1) becomes

G (@,t) = diMi[U (-, 0)])(x) + 11U (2, 8)(1 = Uz, 1))

— Dy (g
(5.1) oy G (1), o T€ER, t>0.
G (@, 1) = daNa[V (-, 1))(z )+B1+U TV (x,t)
—roV(x,t)(1 + V(x,t)),
2
e take the kernel function J;(x) = T) = e2? (7 = 1,2). In addition, the
We take the kernel f J, Jo \/2172 2 In add h
o

parameters of system (b.1) are taken as: dy =do =1, 11 =4, 19 =1,0=1,=05. It
is easy to know that the system (/5.1]) has three constant equilibrium states: Ey = (0,0),
By = (1,0) and E* = (U*,V*) = (0.8271,1.2634).

First, we use numerical simulations to illustrate the spreading speed of the predator.

We choose ©; = [-150, 150] and initial conditions
5 z =0,

(5.2) U(z,0) =1, wvol(z) =9 L(:—1z]), 0<|z| <5,
0, |x| > 5.
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With the help of MATLAB, we obtain the numerical solution (U, V) of system (5.1))
under the initial conditions (see Figure. Figure shows that there are a small
number of predators V near the origin. These predators spread in space over time and
feed on the aborigine prey U (the density of U is 1), after a period of time, the density of
prey decreases and the density of the predator increases. If let 2% (¢) denote the spatial
position when the species V' diffuses to the density a (when spreading to the left to the
density a, it is represented by z? (¢), and to the right is represented by x¢ (t)), as shown
in Figure The spreading speed can be defined as ¢* = +1limy_ %, Va € (0,1).
From Figures[5.2 and we get the spreading speed of the predator is about ¢* = 2.118.

U(x, t) V(x, t)

0.5+

60 60

50

0 20 Timet 150 20 Timet

-50

Distancex ~ -10

0 -50
. 0 . -100 0
150 Distance x -150

Figure 5.1: Numerical solution of system ({5.1]) under initial conditions (5.2)).

U(x, t V(x, t
1 o) 14 .9
—t=1
L , ——t=16
0.98 120 \ =31
096 1 ——
1 L 4
094+ i A
L 1 0.8 1
0.92 X3 Xi(t)
09 I 7 06 |-
0.88 -
04+
0.86 - —t=1
——1t=16 02}
0.84 - J t=31
——t=46
0.82 - - - - 0 -
-300 -200 -100 0 100 200 300 -300 -200 -100 0 100 200 300
Distance x Distance x

Figure 5.2: Figures of the solution in Figure at time t =1, 16, 31, 46.

Now, we use numerical simulations to study the planar wave solutions of system (5.1]).
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We choose Q9 = [—400,400] and the initial datum

U(z,0) = (1 = U*)(1 — (1 + tanh(z))?) + U*,

(5.3) 1 , € [~400, 400].
*
vo(z) = V*(1 — ;(1 — tanh())?),
Ux, t
1 E) o
0.98
50
0.96
0.94 40
0.92 | o % §
09 = =
0.88 20
0.86 L o
0.84
T T T T T \ 0
150 100 50 0 S0 -100 -150 150 100 00 0 -50 -100 - -150
Distance x Distance x

Figure 5.3: The projections of U(x,t) and V(x,t) on the zot plane in Figure

From Theorems and system (b.1) admits a planar wave connecting the
predator-free state (1,0) and a nontrivial state with speed ¢ > ¢* = 2.118. According

to Theorem we know that ¢* is also the minimal wave speed of the invasion planar
waves. Through numerical simulations (see Figure , we can get the same result as
Theorem namely, the solution of system eventually converge to the positive
equilibrium (U*, V*), which implies that the species U and V will coexist.

1.05

0.95
Uxt)

0.85

0.8
400

400 O -400 0

Figure 5.4: The solutions of system (5.1]) with initial (5.3]).

Here, we give some explanations of the ecological phenomena related to these results.

In the actual biological environment, at the beginning, there was only the aborigine species
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U with a density at its carrying capacity. After some time, the exotic species V invades

the system (5.1]) by feeding on species U. Then based on our results, the two species will

eventually coexist.
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