T Available online at www.sciencedirect.com _—
‘ Journal of

reckio ScienceDirect Differential
’ S Equations
ELSEVIER Journal of Differential Equations 316 (2022) 552-598 _

www.elsevier.com/locate/jde

Spreading speeds for the predator-prey system with
nonlocal dispersal

Min Zhao **, Rong Yuan*, Zhaohai Ma ", Xiao Zhao*

& Laboratory of Mathematics and Complex Systems (Ministry of Education), School of Mathematical Sciences, Beijing
Normal University, Beijing 100875, People’s Republic of China
b School of Science, China University of Geosciences, Beijing 100083, People’s Republic of China

Received 21 January 2021; revised 3 December 2021; accepted 23 January 2022
Available online 7 February 2022

Abstract

In this paper, we mainly study the propagation properties of solutions of the predator-prey system with
nonlocal dispersal. More specifically, we explored the spreading speeds of the predator and the prey in two
different situations, namely, the predator spreads faster than the prey and the predator spreads slower than
the prey. The main difficulty lies in the fact that the comparison principle cannot be used for the predator-
prey system. We use the comparison principle of the scalar equation and the method of upper and lower
solutions to prove the results. In addition, we establish the comparison principle of nonlocal dispersal equa-
tions in space and time dependent environment. We conclude that the predator and the prey will eventually
coexist by constructing a suitable Lyapunov functional. Finally, we use numerical simulations to illustrate
the results.
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1. Introduction

The population dynamics of each species will be affected by species interactions [41]. There
are three main types of interactions when considering a system of two or more species, and
especially when focusing on a system of two species. The first type is called a predator-prey
system if the growth rate of one population (called the predator) is an increasing function of
the other species (called the prey) abundance, while the growth rate of the prey population is a
decreasing function of predator species abundance; the second one is called competition if the
growth rate of each population is an decreasing function of the other species abundance; the third
is called cooperation if the growth rate of each population is an increasing function of the other
species abundance [7,41]. The predator-prey relationship among different species is widespread
in a variety of ecosystems, such as marine ecosystems, terrestrial ecosystems, island ecosystems,
and so on [31]. It is crucial to study the dynamics of the interactions between the predator and
the prey in theoretical ecology [22].

In nature, predation exists in various species, such as mammals, birds, fish, insects and bacte-
ria, etc. [47]. There are many examples of the relationship between the predator and the prey, es-
pecially the biological invasion of the predator. A classic example is that in Central Europe from
1909 to 1927, muskrats reproduced by capturing cattails, freshwater mussels, frogs, freshwater
crayfish and small tortoises [47]. Another example is the invasion of the American continent by
European starlings (Sturnus vulgaris) native to Europe, Asia and North Africa [43,47]. It is an
omnivorous bird that feeds mainly on seeds, insects, invertebrates, plants and fruits. When they
were artificially introduced into the American continent, they began to multiply, and are now dis-
tributed all over the world [43,47]. The third one is the jellyfish Mnemiopsis leidyi (commonly
called Mnemiopsis) that invaded the Black Sea in the early 1980s. It is a pelagic fish native to
the coastal waters of the United States along the Atlantic Ocean and feeds on eggs and larvae.
Lack of predators for certain fishes and favorable environmental conditions (rich food, natural
environment similar to the local areas) encouraged Mnemiopsis establishment in the Black Sea
[25,31,46].

The interactions between the predator and the prey have become one of the main subjects of
biological mathematics [47,48]. Pioneer work on this aspect began with Lotka [39] and Volterra
[52], who proposed the Lotka-Volterra predator-prey model in 1921 and 1923, respectively.
Bazykin [6] proposed a predator-prey model that included mortality due to predator density con-
straints in 1976. This type of mortality can regulate or limit the infinite growth of the predator
[18]. For most complex predation processes in nature, affected by environmental factors, the
predator and the prey have intraspecific competition, which means that the predator and the prey
have density constraints [5,27]. In this paper, we mainly study the density-constrained predator-
prey system with logistic growth, which is more in line with biological significance.

Holling [20] proposed three Holling-type functional responses in 1965, which are very mean-
ingful and practical. Different species can be described by different functional response func-
tions. Holling type II (Michaelis-Menten) functional response is suitable for some carnivorous
fish or invertebrates. In order to simulate the predation behavior more realistically, we study the
propagation dynamics of the predator-prey system with Holling type II.

In a real environment, the predator and its prey are distributed in space. As the predator moves
to capture the prey and the prey escapes from the predator, temporal and spatial changes in the
population will occur [42]. In general, we use dispersal to describe the movement of organisms
from one location to another, and this dispersal phenomenon exists in almost all biological and
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ecology systems [4,24]. There are two important forms of dispersal in population dynamics,
namely random dispersal, and nonlocal dispersal [4].

Random dispersal is governed by random walk, which is essentially a local behavior, de-
scribing that creatures can only move to their surrounding neighborhoods [4,24]. In this way,
we can describe the dynamics of random dispersal through the reaction-diffusion model. In gen-
eral, the differential operators (such as Au) are used to model random dispersal. Many scholars
have conducted a lot of research on biological and ecological models with random dispersal
[8,10,14,47,49]. Ducrot et al. [14] mainly explored the propagation properties of a class of
predator-prey systems with random dispersal.

However, some organisms in the ecosystem can travel for some distance, and their movement
and interactions may occur between non-adjacent spatial locations [4,24,28,29]. This kind of
dispersal is called nonlocal dispersal and is usually modeled by an appropriate integral operator,
such as fR J(x — y)[u(y) — u(x)]dy. It is very important to study biological and population
models of nonlocal dispersal. There are many studies on nonlocal dispersal population dynamics
models to explain the spatial variation of interactions between different populations in biology,
see [12,13,33,55]. The purpose of this paper is to study the predator and the prey co-invasions of
the following Lotka-Volterra predator-prey system with nonlocal dispersal,

Wy =d[(h*U)x, 1) = U@, Dl +rUE, (1 = U, 1) — ZLEgren, an

Wx,10) =dal(J % V)(x, 1) = V(x, )] + PEEDEED — qv (x, 1) —aV2(x, 1),

where x € R, ¢ > 0 and r, b, 8, a, o are all positive constants. Here U (x,?) and V(x,t) are
the population densities of prey and predator species at spatial position x € R and time ¢ > 0,
respectively. The dynamics of the prey population follow a logistic growth with a normalized (to
one) carrying capacity and 1 denotes its intrinsic growth rate. The function %‘m describes
predation and is called the predator functional response to prey, where the parameter o measures
the “satiation” effect of the predator population. The constant b denotes the predation rate and
B denotes the biomass conversion rate coefficient. Thus 8b denotes the biomass conversion rate.
The parameter a denotes the death rate of the predator. d; > 0 and d, > 0 are the diffusion
coefficients for prey and predator species, respectively. The term J; * w — w describes the spatial
dispersal process and

(Jixw)(x,t) —w(x,t)= / Jix —y)w(y,t)dy —w(x,t), i=1,2,
R

where the symbol * denotes the convolution product for the spatial variable. Here we assume
that the kernel function J; : R — R(i = 1, 2) is continuous and satisfies the following properties:

J1 Ji(x) = Ji(—x) >0 for any x € R and /Ji(x)dx =1,i=1,2;
R
J2) / Ji (x)e**dx < oo for any A > 0, i=1, 2;

R
J3) Ji € c! (R) and J; is compactly supported, i=1, 2;
J4) there exists ¢ > 0 such that J;(x) > o fora.a. x € (—p,0),i =1, 2.
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System (1.1) is supplemented by the initial conditions:
Ux,0) =uo(x), Vx,0)=vx), xeR, (1.2)

where ug(x), vo(x) are bounded nonnegative functions with the nonempty compact support. In
addition, we assume that ug(x) and vo(x) are differentiable with respect to x, which ensures that
the solutions of system (1.1) are differentiable with respect to x. Since uo(x) and vo(x) have
nonempty compact support, the propagation of both species occurs in an initially empty envi-
ronment. This is similar to the “hair-trigger effect” of the scalar monostable equation [2]. In this
paper, both predator and prey can be regarded as alien species invading into the initially empty
environment. This phenomenon may occur in biological control, especially in the prevention and
control of the invasion of alien species [31]. Predation can affect the spread of alien species, thus
predation can be used as a biological control agent [31]. For example, Fagan and Bishop [15]
studied that herbivores slowed a plant reinvasion at Mount St. Helens after the eruption of Mount
St. Helens in 1980.
Throughout this work, we give the following assumption about the parameters:

H) =L —a>0,
which ensures that the amount of prey is sufficient to maintain the positive density of predator.
From system (1.1), we can see that the predator cannot survive without the prey.

At present, there are many studies on spreading speeds and the existence of traveling wave so-
lutions of the reaction-diffusion equations [1,2,11,14,16,17,26,35,40,53-55]. In particular, Kol-
mogorov, Petrovsky, and Piskunov [26], Fisher [17] studied the front propagation of Fisher-KPP
type equations. Aronson and Weinberger [1,2] later proposed the concept of the spreading speed
and studied the continuous and discrete time models. We refer to Li et al. [32], Lewis et al. [30],
and Hu et al. [21] for the spreading speeds of cooperative systems. We refer to [36,44,45] for
studies of the predator invasion with usual linear dispersal, to [14] for a study of the predator and
the prey co-invasions with random dispersal. However, there are few research on the predator and
the prey co-invasions with nonlocal dispersal. We refer to Zhang and Zhao [55] for the spreading
speeds of a two-species strong competition system with nonlocal dispersal using the comparison
principle of the system and the method of upper and lower solutions.

In this paper, we mainly consider the long-term behavior of the solutions of the predator-prey
system with nonlocal dispersal, namely spreading speeds of the solutions of system (1.1) with
initial conditions (1.2). The comparison principle of the nonlocal reaction-diffusion equations
plays an important role in studying the argument. For nonlocal reaction-diffusion equations, Jin
and Zhao [23] established the comparison principle in time periodic environment, Kao, Lou and
Shen [24] mainly studied the comparison principle with specific kernel function in space periodic
environment, Bates et al. [3] and Li et al. [34] respectively gave the comparison principle in
space and time dependent environment. Based on the needs of research and the assumptions of
the kernel function, we establish the general comparison principle of nonlocal reaction-diffusion
equations in space and time dependent environment.

In addition, for the predator-prey system (1.1), the increase in the amount of predators will
reduce the population of preys, while the increase in the population of preys will increase the
amount of predators. Due to this asymmetry, the comparison principle and the theory related
to monotone semiflows [37,38] cannot be applied in system (1.1). Therefore, this poses certain
difficulties in studying the spreading properties of predator-prey systems. Inspired by the work of
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Ducrot et al. [14] and Zhang et al. [55], we use the global boundedness property and the method
of upper and lower solutions to study the asymptotic speed of propagation of system (1.1). In
addition, we study the asymptotic behavior of the solution of system (1.1) by constructing a
suitable Lyapunov functional. We conclude that under certain conditions, the predator and the
prey respectively tend to a nontrivial equilibrium solution, that is, the two species coexist. This
phenomenon is very common in nature, but it is difficult to verify due to the lack of comparison
principle for the system and the nonlocal dispersal. Finally, we use MATLAB to simulate the
propagation of the predator and the prey in two cases, namely the slow predator and the fast
predator.

This paper is organized as follows. In the next section, we establish some preliminary results.
In Section 3, we mainly consider the asymptotic speed of propagation of the predator and the
prey in the case that the predator spreads slower than the prey. We get the results by constructing
appropriate upper and lower solutions and using the comparison principle of the scalar equation.
In Section 4, we consider the propagation behavior when the predator spreads faster than the
prey. We study the asymptotic behavior of solutions by constructing the Lyapunov functional in
Section 5. In Section 6, we use numerical simulations to illustrate the main results of this paper.

2. Preliminaries

In this section, we mainly introduce some preliminaries and main results. In subsection 2.1,
we give the comparison principle of the nonlocal reaction diffusion equation which is essential
to prove the spreading speeds of the predator and the prey (i.e. Theorems 3.1 and 4.1). Then,
we give some results on spreading speeds and the existence of traveling wave solutions of the

nonlocal reaction-diffusion equations in subsection 2.2.
Firstly, we define some space aspects. Let

X ={w(x)| w(x) : R — R is bounded and uniformly continuous},

with the norm

lwllx = sup [w(x)].
xeR

Then (X, || - ||x) is a Banach space. The positive cone X is defined by
Xt ={weX:wx)=>0,Vx eR}.
Furthermore, for any constant d > 0, let
Xg={weX:0<wk)<d,Vx eR}.
Set the order of the space X> = X x X as follows:
wwsw(x) <wi(x), xeR,i=1,2,
for any w = (w; (x), wy(x)) and W = (W1 (x), Wa(x)) € X*.
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We define the set H C X2 by
H={(wi,wy) €X*:0<w; < land 0 <wy <7},

where 7 := 2—2 Our initial datum will always be chosen in the set of H. Here, we point out
that the set H is positively invariant under the semiflow {S(#)};>0 generated by system (1.1).
In particular, this means that system (1.1) with initial condition (1.2) admits a unique globally
defined solution (U (x, 1), V (x, t)) with

(U, V)(x,) € C([0,00), X?), VxeR and (U,V)(,1)eH, Vi>0.
2.1. Comparison principle

The comparison principle of nonlocal diffusion equations is crucial in the study of the spread-
ing speeds of system (1.1). Jin and Zhao [23] studied a scalar periodic logistic equation with
nonlocal diffusion and established the comparison principle. Kao, Lou and Shen [24] established
the comparison principle of the nonlocal diffusion equation in spatial periodic environment.
Bates et al. [3] and Li et al. [34] studied the comparison principle of nonlocal diffusion equations
in space or time dependent environment, respectively. Different from the above three works, we
give the comparison principle of nonlocal diffusion system in space-time dependent media when
the kernel function J satisfies (J1) and (J4), see Theorem 2.1. In particular, the assumptions of
the kernel function J in Theorem 2.1 are different from Bates and Chen’s work [3], thus the
corresponding proof of Theorem 2.1 is not the same.

Theorem 2.1. (Comparison principle) Assume that J satisfies (J1) and (J4), u € C'([t, 0], X).
Suppose that u(x, t) satisfies

u; —coy — Kox)u —d(J xu—u) >0, (x,t)eR x(1,1)],
ux,7)>0, xekR,

where Ko(-) € X, c9 #0, T <ty € R; d > 0 and co are constants. Then u(x,t) > 0on R x [z, 19].
Moreover, ifu(x,t) Z0onx € R, thenu(x,t) > 0on R x (1, tp].

Proof. We may assume t =0. Let u(x, ) =u (x — cot, t). Then u(x, t) satisfies
i, — Ko(e,ii —d(J xii —i) >0, (x,t) R x (0, 10], @0
u(x,0)>0, xekR, ’

where Ko(x,t) := Ko(x — cot) and Ko(-, 1) € X for any ¢ € [0, 19]. As u is continuous, the
function f(¢) := inf,cg i(x, t) is continuous in [0, 79]. Set g(r) = e~2X? £(¢) where K :=2d +
| Kollx. If the first conclusion of Theorem 2.1 is not true and due to g(0) > 0, then there exist
constants € > 0, T € (0, to] such that g(T') = inf;¢[0,4y) §(t) = —€, g(t) > —e for0 <t < T, and
there exists (x4, tx) € R x (0, T) such that u(xy, t,) < —%eezm*. Therefore,

31
a(x, 1) > —ee K inR x [0, T),  @(xs, ty) < —ieezm*.
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Let z(x) be a smooth function in R satisfying min,cg z(x) = z(xyx) = 1, sup,cg 2(x) =
z(400) =3 and |z/(x)| < 1. Define

3
We (x,1) = —€ (Z + oz(x)) 2Kt for o €10, 1].

Clearly, w, is bounded and continuous in [0, 1] x R x [0, #p]. Notice that, when o < 1/8,

31 3 1
inf (i — we)(x, 1) < il(Xg, 1) — Wo (s 15) < ——€e? Kl fe [ = 4 = | K™
(x,H)eR x[0,T] 32 4 8

3
= K,
32

when o > 1/4, for all (x,7) e R x [0, T],

3 3 1
A(x,t) —we(x, 1) > —ee?X’ 4 ¢ (4_1 —i—oz(x)) 2Kt > ¢ <4_1 +o0— 1) 2Kt > ¢ (0 — Z) .

Thus, there is a minimum o* € (%, %] such that we=(x, 1) < i(x, 1) for (x,7) € R x [0, T]. We
claim that there exist (x,, ;) € R x [0, T] and ()Eo, t_o) such that

lim (x,, t,) = (Xo, fO);
n—00

iy (Xp, ) — I%O(xn» 1)U (Xp, ty) —d(J * i —u)(xp, t,) = 0;

lim [u(xy, ty) — Wor (Xn, 1)) =0 = inf  [u(x, 1) — we+(x,1)];
n—00 (x,1)eR x[0,T]

and
lim (i — we+)s (xp, 1) <O0.
n—oo

Indeed, let v(x,1) = i(x,1) — wex(x,1) and p(¢) = inf,cg v(x, ). Then p(0) > 0. Let 7y =
max{r € (0, T]: p(r) > 0forall 0 <t < t}. Note that wy*(F00, t) < —%ee2K’ < u(£o0,t) for
t €[0,7T] and it(x,0) > 0 > —3€/4 > wy=(x, 0) for x € R. For each ¢ <y, since p (i) =0 <
p(t), there is a uniformly bounded set A (t_o, t) C R such that v (x, t_o) < p(t) and u satisfies
inequality (2.1) for all x € A (7o, 1). Therefore, for 7, = o — %, we have 0 < v(x, f,) — v(x, fy) =
fol vr(x, to + s(t, — 19))ds(t, — to) for x € A(#y, 1,,). Therefore, there exist t, € (,, 7)) and a
bounded sequence x, € A(ty, #,) such that v,(x,,,) < 0. After taking a subsequence of x,,
we assume that the limit of x,, exists and Xy := lim,,_, o X;,. Then |v (x,, 1) | < |v (x,,, t_o)| +
v (Xns tn) = v (X0, 10)| < |0 (%0, 70)| + Nvellx (fo — 22) = O where we have used the fact that
v (X, 70)| < p () — 0. This proves the claim.
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Therefore,

0> lim (& — we*); (Xp, tn)
n— 00
_ _ _ - 3
> d(J *it) (%o, o) — (d — Ko(x, 1))id (%o, fp) + 2K ee*K10 <0*z (Xo) + Z)
2K, = o T ok
= —dee®™ " — (d + || Kollx)lii (%o, o) + 7 Kee™ ™

.3 _ -7 -
> —dee?Ki0 — e+ | Kollx)e*K0 + ZKeeZKfO

-7 3 -
=ee? 0| 2K —d—Z(d+||Kolx)| >0
4 2
which is a contradiction. Therefore u(x,¢) >0 on (x,7) € R x [, 19].
Now we give the pro_of of the last part of the theorem. Let v(x,t) = eKti(x, 1) (K is given
above, i.e. K =2d + “Ko ||X) Since u(x, t) satisfies (2.1), then we have

U(x, 1) — (K + Ko(x,)o(x, 1) —d(J x5 — 0)(x,2) >0, (x,7) €R x (0, 0]. 2.2)
If u(x,0) #£0in R, then we have v(x, 0) >, =0, for x € R.

To complete the proof, it suffices to show that u(x, ) > 0 for (x,¢) € R x (0, fo]. Suppose
that there exist some x* € R, t* > 0 such that

7 (x*, %) =0. (2.3)

Here 1* # 0, otherwise the initial function u(x, 0) may equal to 0. Thus, t* = 0 is not considered.
Since v(x,t) > 0on R x (0, fy], then we have

v (x*, t*) <v(x,t) for (x,1) € R x (0, to] . 2.4)
It follows from (2.4) that
9%
Ll <o 2.5)
ot r=1*=

By (2.2), (2.3), (J1) and recall that K =2d + || Ko | ., we obtain that

U, (0%, 1) > (K + Ko(x*, t%) — d)v(x*, t*) +d(J * D) (x*, t¥)
> 0. (2.6)

Then (2.5) and (2.6) imply that
v (x*,1%) =0. 2.7
It follows from (2.2) and (2.7) that
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d(J *v—10) (x*,1*) <0.
On the hand, using (2.4) and (J1), we have that
A5 —9) (x*1%) =d /J(x*—y)ﬁ(y,t*)dy—ﬁ(x*,t*)

> d[5 (. 1%) - 7 (x*.1%)]
0

Therefore,

fJ (x* = ¥) (5 (5. 1%) — 5 (x*. 1)) dy = O.

R

Then, by (J4), for all y € (—o + x*, 0 + x*), we have that
v(y, 1) =0 (x*1%). (2.8)

By the same arguments, for an arbitrary x; € 9 (x* — o, x* 4+ ), we obtain (2.8), for all y €
(x1 — 0, x1 + ©). Hence, (2.8) holds for all y € (x* — 20, x™ + 29). As a result, (2.8) holds, for
all y € R. Therefore, v (-, t*) is a constant, i.e.

0] (x, t*) =7 (x*, t*) =0, xeR.
Hence, by (2.2) for x € R,

—o(x,0) = b (x,*) — B(x,0)
t* t*
zd//](x—y)ﬁ(y,t)dydt—}-/(K— Kol —d) v(x, 1)dt
0 R 0
t* t*
=d//](x—y)ﬁ(y,t)dydt—i—d/t_)(x,t)dtZO.
0 R

0

This implies that u(x,0) = 0 for x € R, which is a contradiction. Therefore, u#(x,#) > 0 on
R x (0, f]. Thus u(x,t) > 0 on R x (0, fp]. This completes the proof. O

Jin and Zhao [23] gave the comparison principle of a scalar periodic logistic equation with
nonlocal diffusion, see Corollary 2.2.

Corollary 2.2. ([23]) Let w(x,t) and w(x,t) be upper and lower solutions of the following
periodic equation:
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2}—1:()6, t) =d(t)/](x —yw(y,t)dy + F(w(x,t),t), xe€R,t>0,
R

withw(-, 1), w(-,t) € X forallt > 0. Here the two continuous functions F and d are w-periodic
in t for some w >0, d(t) >0 and d(t) #£ 0, kernel J satisfies (J1)-(J2) and the initial data
w(-,0),w(-,0) € Xy admit a nonempty compact support. Moreover, assume that there exists
L > O such that |F(w,t) — F(w, )| < L|w—w| forallt > 0. If w(-,0) > w(-,0), then w(-,t) >
w(,t) forallt > 0.

For our purpose, we would like to present a comparison principle for the following equation
with constant coefficients:

{ %—'f(x, H=d(Jxw—w)+rwkx,t)(s —w(x,t)), xeR,t>0, (2.9)

wx,0)=xkx), xeR,

where kernel J satisfies (J1)-(J2) and the initial data x € X admits a nonempty compact support.
The parameters satisfy d > 0,r > 0 and s > 0.

Proposition 2.3. Let w be a solution of (2.9) with w(-,t) € X for all t > 0 for a given x € X;.
Ifz(-, 1) € X and 7(x, 1) satisfies

@, )=d(J xz—2) +rz(x,0)(s —z(x,1)), xR, >0,
z2(x,0) > x(x), xeR,

then z(x,t) > w(x,t) for all x € R, t > 0. Similar result holds for the reverse inequality.

Kao, Lou and Shen [24] gave the following comparison principle for nonlocal reaction-
diffusion equation.

Corollary 2.4. ([24]) Let py, p2, -+, pN be given positive constants and
Yp= {veC(RN) |V (X1 -+ X 10 Xn + Prs Xngds oo 2 XN)
=U(X1,--~ 9xn—lsxna-xn+lv"' a-xN)yn: 1721“' 9N}

with the norm ||v||ly, = sup,cgn [v(x)|. Assume that v(x,t) and v(x,t) € Yp are super-solution
and sub-solution of

9 1 -
8_':=/8_N1<x5y)vdy—v+vg(x,v), (x,1) eRY x [0, 00),

with v(x,0) = vo(x) € Yp and v(x,0) = vy(x) € Yp, respectively. Here § > 0, J(-) € C*® (RN)
is defined by

J(x):{ge"p(w%l) for el <1,

for x| =1,
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where C > 0 is chosen such that fRN J(x)dx = 1. Moreover, g is a smooth function and
satisfies g(X1, -+, Xn—1,Xn + Pn> Xn+1s-* » XN, V) = 8(X1, -+, Xn—1, Xn, Xnt1, - , XN, V)(n =
1,2,---,N), g(x,0) > 0and g,(x,v) := W <0 forx eRN and v >0, and g(x,v) <0 for
xeRN andv > 1. If vg <o, thenv (-, 1) <v (1) for 0 <t < 0o. Moreover v (-,t) < v (-, 1) if
Vg 7 Vo

2.2. Some results for spreading speed and eigenvalue

In this subsection, we mainly recall some results for spreading speed and eigenvalue. First,
according to the research of [23], we obtain that system (2.9) has the following spreading speed.

Proposition 2.5. Let w be a solution of (2.9) with w(-,t) € X for all t > 0 for a given y € X
d[ [r J(x)e**dx—1]+rs
*

and ¢ :=infy) <400 > 0. Then the following statements are valid.

(i) Forany c > ¢, if x has a nonempty compact support, then

lim sup w(x,t)=0;
t_)oo|x|>ct

(ii) Forany 0 <c <c, if x(-) #0, then

liminf inf w(x,t)=s.
=00 |x|<ct

Next, we consider the wave profile problem. The following lemma gives the existence of
traveling wave solutions when the wave speed ¢ > ¢*.

Lemma 2.6. ([9], [55]) Assume that J > 0 is even, compactly supported and f]R J(x)dx = 1.
Consider the system

{]*u—u+cu’~|—f(u)=0v (2.10)

u(—oo)=1, u(+o0)=0,
where the smooth function f satisfies

fO)=f1)=0, f(s) >0forse(0,1), f/(0)>0 and f'(s) < f'(0)forsec(0,1).

Jr I dy—1+f£'(0)
A

Then for any ¢ > ¢* = infy<) <400 > 0, system (2.10) has a unique (up to a
shift of origin) smooth and monotonically decreasing solution u(§),& :=x —ct € R.

Now we consider the eigenvalue problem

{(J*u)(x)—u(x)=—)tu7 x e, (2.11)

u(x)=0, xeR\Q,
where 2 C R is a bounded interval.
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Lemma 2.7. ([19, Theorem 2.1]) Assume that the kernel J € C(R), compactly supported and
satisfies (J1). Then the problem (2.11) admits an eigenvalue 1| (S2) associated with a positive
eigenfunction ¢1 € C(S2). Moreover, it is simple and unique, and satisfies 0 < A1(2) < 1.

Lemma 2.8. ([19, Theorem 1.4]) For the principal eigenvalue A1(2) of problem (2.11), we have
AM(Q)—=> 1as Q] — 0, and A (2;,)) > 0as 2, = R.

Define
d Jix)e ™ dx — 1] +r
cui= inf 1 [fo 100 ] L 2.12)
O<i<400 A
d LHx)e M dx — 1] +r
cy = inf 2[Jp h®) ] 2 (2.13)
0<i<—+o0 A

and consider the functions
Ar(h, ¢) :==d| / Ji(x)e™dx — 1| —er+r1,
LR

Ar(h,¢):=d» fJg(x)e_“dx—l —ch+n.
LR .

Then, it is easy to see that A — A; (A, ¢), (i =1, 2) is strictly convex with respect to A for each
given c¢. Moreover, due to r > 0 and the definitions of ¢y and cy in (2.12) and (2.13) respec-
tively, it enjoys the following properties.

Lemma 2.9. Assume that the kernel Jy (or J») satisfies (J1)-(J2), then the following statements
hold.

(i) If c > cy (or cy), then the equation A1(A,c) =0 (or Ay(A, ¢) = 0) has two positive roots
A1(c), Aa(c), and 0 < A1(c) < Aa(c) < +00. Moreover, A1(\,c) <0 (or Ay(A,c) <0), if
A€ (A(c), A2(c)). A1(A,c) >0 (or Ay(A,c)>0), if A€ (0,11(c)) U (ra(c), +00).
(ii) If0 <c <cy (orcy), then Aj(A,c) > 0 (or Ax(X,c) > 0)forall A € (0, +00).
(iii) If c =cy (or cy)> 0, then A1(A,cy) = 0 (or Ay(A,c) = 0) for any A € (0, +00) and
A1(X, cy) =0 (or Ax(r, ¢) =0) has a unique root A*.

3. Slow predator case

In this section, we consider the case when the predator spreads slower than the prey and
establish the following theorem.

Theorem 3.1. (Slow predator) Assume that (J1), (J3)-(J4) and (H1) hold. Let ug, vy be two given
nontrivial compactly supported functions such that (ug, vo) € H. In addition, we assume that
di > r1 +bir + 8 + Bbis and dy > Bb — a + by + 5.

If cy < cy, then the solution (U, V) = (U(x,t), V(x,t)) of (1.1) with initial data (ug, vy)
satisfies the following statements.
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(i) Forany c > cy, then

lim sup U(x,t)=0.

=00 |x|>ct
(ii) Forany cy < c1 < ¢y < cy and each ¢ > cy, one has:

lim sup |[1—=U(x,t)|+ sup V(x,t)=0.

tﬁooclt<|x|<czt |x|>ct

(iii) There exists ¢ > 0 such that for each c € [0, cy), one has

liminf inf V(x,f) >e¢,
=00 |x|<ct

limsup sup U(x,t) <1 —¢and liminf inf U(x,t) >e¢.
=00 |x|<Zct =00 |x|<ct

We divide the proof of Theorem 3.1 into four subsections. In subsection 3.1, we will show that
the prey U cannot spread faster than ¢y . In subsection 3.2, we will prove that U converges to 1
and VisclosetoOast — oointhecasec >cy andcy <cj <cpy <cpy.Inthecase 0 <c <cy,
we will prove that U and V remain uniformly positive in subsection 3.3. In subsection 3.4, we
complete the proof of Theorem 3.1 by giving the proof of Claim* introduced in subsection 3.3.

In the rest of this section, we always assume cy < cy, (J1), (J3)-(J4) and (HI) hold.

3.1. Spreading of U for ¢ > cy

Proposition 3.2. If ¢ > cy, then

lim sup U(x,t)=0. 3.1

=00 |x|>ct

Proof. Since U > 0 and V > 0, the function U satisfies
oU
E(x,t) <di(1*U-U)x,t) +nUx, )1 = Ul(x,1)).

Applying Proposition 2.3, we have U (x, 1) < Ul(x,t) for all (x,f) € R x [0, 00), where the
function U is the solution of the following system

U (x, 1) =di(J1 U = U)(x, 1) + 11U (x, ) (1 = Ux, 1)),
U (x,0) = ug(x).

According to the comparison principle and Proposition 2.5, we get that

Ye > ey, tlm sup U(x,1) §tlim sup U(x, 1) =0. (3.2)
—00

i
70 |x|>cr |x|>ct
Since U is nonnegative, thus we prove (3.1). O

564



M. Zhao, R. Yuan, Z. Ma et al. Journal of Differential Equations 316 (2022) 552-598
3.2. Spreading of U and V for c > cy andcy <c1 <c2 <cy
Proposition 3.3. For any cy < c¢1 < ¢2 < cy and each ¢ > cy one has:

lim sup |1 —-U(x,t)|+ sup V(x,t)=0.

t_)ooclt<|x|<czt |x|>ct

Proof. Since U <1 and the function ﬁbaUU increases monotonically with respect to U, we obtain
that

aV b
—(x D <dy(hxV —=V)(x,t)+V(x,t) [ﬂT —a—aV(x, t):|
o
By Proposition 2.3, we have
V(x,t) < V(x,t), forall (x,1) € R x [0, 00), (3.3)

where the function V is the solution of the following equations:

Wk, 1) =da(Ja % V = V)(x, 1) +aV (x,))(Fr — V(x, 1)),

1 (3.4
Vi(x,0) =vo(x),
where 7 = %2 = 5(1’3_—@ — a). It follows from Proposition 2.5 that for all ¢ > cy
lim sup V(x,7) < lim sup Vx,t)=
t_)oo\x|>ct _)°°|x|>ct
Since V > 0, we have for all ¢ > cy,
lim sup V(x,t)= 3.5)
=00 |x|>ct
Next, we only need to prove that for any cy < ¢y < ¢ < ¢y,
lim sup |1 —-U(x,t)|=0. 3.6)

t%wclt<\x|<czt

To prove (3.6), we give the following lemma.

Lemma 3.4. Let di > r1 + bry + % + Bbry and d» > Bb — a + Bbry + %. For any ¢ € (cy, cy),
we have

lim Ux+ct,t)=1

t——+00
uniformly on every compact subset of R.
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Proof. First, we choose ¢ € (cy, cy). According to the definition of V(x,1t) and (3.5), there is
some X, > 0 such that

V(x,t) <eg, forall (x, t) such that |x| > X, + ct.

We divide the proof into three steps.
Step 1. Taking ¢’ € (c, cy), we claim that there exist [ > 0, x; € R and ; > 0 such that

t
liminf inf U(x+ct+x1,c—/>2m. 3.7)
C

=00 xe(—lp, )

Letl; > 0,n > 0and o) > 0. We take x| = X, + 2[,. Define

Ux, 1) 1= ne 6Dy (x — 't — x1), (3.8)
where
X _
oy = | €08 (4,2) . xe(=2b,2D), 39)
0, x € R\ (=20, 215).

Next, we prove that U is a sub-solution of the U-equation in system (1.1). Indeed, we have
U(x,t) > 0for —2ly <x —c't —x; <2 and ¢ € [0, +00). Consider the following operators for
(x,t) € (=2l + 't +x1,2l, + 't + x1) x [0, +00)

O[W](x, 1) :=—08:W(x,1) +d /Jl(x—y)W(y,t)dy—W(x,t)

R
W0 | r( =W, s be
+ W, ) [rn(d—W(, ))—m s
and
LIW](x,t):= —8,W(x,t)+d1/J](x—y)W(y,t)dy+mW(x,t), (3.10)
R

where m will be determined later. We claim that for /; large enough

2+ t+x /
JixUlx, 1) =n / Ti(x — y)e 107D ¢og (W) dy
—2lp+c't+x1 2
K /
2N / Ji(x — y)e*al(y*c/t) cos <7T(y+2t_xl)> dy. G.11)
—00

Indeed, due to anyhow Jy x U (x, t) > 0, we take without loss of generality that x € (=2l + ¢t +
x1,2lp + c't + x1). In order to make (3.11) hold we have to show that for y € R\ (=2, + ¢t +
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x1, 2l + 't + x1) either cos (W) <0or Ji(x —y) =0. We assume J; has a compact

support, then tllere exists B such that supp Ji C [—I§, é]. Ifx e (~—212 +c't4+x1,2l+ 't +x1)
and [x — y| < B, then y € (=2l + 't + x1 — B, 2l + ¢t + x1 + B) which implies that y — ¢'t —

x1 € (=21, — B, 21>+ B) C (—6l2, 612) when B < 4l5. Thus, we obtain that cos (”(’TT;_“)) <

0 for y — ¢t — x1 € [=6l2, —212] U[213, 62]. Moreover, since supp Ji C [—B, B] C (—4l2,41)
when B < 4l,, we obtain that J;(x — y) =0for y € R\ (=6l + 't + x1, 6l + 't + x1). Thus,
we deduce that

oo
! —c't—
T)/Jl(x—y)e_"”(y_”)cos(—n(y 4Cl xl))dy
2

—00

—6ly+c't+x1 =2+ t+x; 2l +c't+x1 6l +c't+x1
( + + / +

—00 —6l+c't+x;  —2b+c't+x; 2+ t+x
x® /
/ b —Cct—x
+ / Ji(x — y)ne™ 107 cos (—(y 1)> dy
41,
6lr+c't+x1
2l +c't+x1 ,
v n(y—ct—x
<n / J](x _y)efoll()’*b 1) coS <()]T21)) dy
—2b+c't+xq

Substituting (3.8) into (3.10) and using (3.11), we obtain that

J— / —
LIU](x,t) >c —ame_””(x_clt)l//zlz (x—c't—x1)— He_al("_c/’) sin M

— - 4l 41,

o0
—ay (y—c't) 7(y —c't —x1)
UG iy [ 106 e 0= eos (TEZELEE Y gy
2

—0Q

= —c’al—i—m—l—dl/e"”—"]l(y)cos(ZTy)dy U(x,t)
2
R

m(x —c't —x1)>

41,

+ —lc/—kdl/e”“yh(y)sin Ty dy | ne=1@=¢Dgjp
4, 4,
R

Therefore, L1 [U] (x,1) > 0 on x — ¢t — x1 € (=212, 2l3) and 1 € [0, +00) if the following two
conditions are satisfied:

1
¢ <— m—i—dl/ealyjl(y)cos T\ dy | = A, ), (3.12)
o] 4l
R
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4lod
o = 224 /e"”le(y)sin TV dy | = Blay, ). (3.13)
T 412

We first show some properties of the functions A, and 5. As [, — 00, we have locally uniform
convergence of

m+dy [ e Ji(y)dy
o

Ap(ar, 1) = Ap(ar) = . Blai,b) = B(ay) :=d /yealyfl(y)d%

R
Differentiation yields
A (1) = (B(ay) — Ap(ay)) fay, (3.14)
Bl =di [ 1) 5y >0,
R

It follows from the properties of the function A,, (o) that it achieves infimum. Then, there exists
af > 0 such that A, (a}) = infy, >0 Ay (a1). By the definition of ] and (3.14), we have that
B(a}) = Ay (af). Since B is an increasing function, thus B(a1) < B(af) for 0 < a; < af. Then
we have

Am(a1) > A (a}) = B(@]) > B(ap) for 0 < o) < af. (3.15)

In addition, we define ¢* := Ay« (ar}) with m* =r; —dy — be —r16 and r| — be — r1 8 > 0 for
small enough constant § > 0. We can choose m < m™* such that ¢’ < A, (a}) < Ap+(af) =c* <
cy . Note that B(0) < ¢* and B(0) = 0, then we have ¢’ > B(0). Therefore, combined with (3.15),
we can choose ¢1, ¢2, 81, [» > 0 such that

B(¢1) + 81 < < B(¢2) — 81 and |B(ay, 1) — B(ay)| < 8.

By the continuity of B(ai, /) and B(ay), there exists some «(l2) such that B(ay(l2), ) = ¢’
for all large enough I. We can also choose [, large enough such that A, (a1 (l2), ) > ¢’. Thus,
we prove that (3.12) and (3.13) hold true.

Therefore we have L{[U](x,t) > 0 for x — ¢'t — x; € (=2I,2l) and t € [0, +00). Note that

W, (1 — W(x,t)) — % >(rp —r18 —be)W(x,t)forO< W(x,t) <6.

Note that m < r; —d; — be — r18 implies that
QU] 1) > Li[U](x,1) >0 forx — 't —x1 € (—2I5,2) and 1 € [0, 00),

namely, for x — 't — x; € (—2Ip,21,) and 1 € [0, 00), we have that

Ux,t) —di(J1 *U(x,1) = U(x,1)) — Ulx,1) (rl —nUx, 1) — Habilj(xt)) <0
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Furthermore since supp 10212 C [—2l», 213], we have for (x,1) € R x [0, +00)
U, t)—di(J1 xUx,t) —Ux,t))—Ux,t)r1 —rnUx,t) — — | <0
, s X, X, s =
! i ! ! 1+aU(x,t)

Since function up(x) is not trivial, one can make use of comparison principle to get that 0 <
U(x,t) <1 forall x € R and ¢ > 0. Thus, for any fixed 79 > 0, we reduce 7, such that for x € R
and r > tg, U(x, tp) > U(x, tg). Then, by comparison principle, we obtain that

t t
U(x, C—/> > U(x, C—) = e 0Ny (x — et —x1) = U(x — ct, 0).
C

g\
The claim (3.7) can be obtained by taking

—a1(Xe+30)

ni=ne min ]I/fzzz(X).

x€[—I,lh

Step 2. We now claim that there exist [, > 0, 72 > 0 and x3 € R such that

liminf inf U +ct+x3,t)>m. (3.16)

t—00 ly | 1
xe(=%,3).r'elg.1

Define

W) =P, (x — x1),

where 1’ > 0 will be determined later and 1}12 is the eigenvalue function of the following eigen-
value problem

1 9m) () = i, (1) = =Ap ¥ (v), - x € (~h, o),
wlz (x) = O’ X € R\(_ZZ’ 12)5
1¥nlloo = 1.

Then, for any 1’ € [, 1], we have

P (X)) —di(J1* W - W)(x) —rl_(x)( —Wx) - r(1 —i—ozﬂ(x)))

Iw be
<50 W AU W = WH00) —n W) (1 ~ W - )
2 be
= - W) [—dmz +r (1 W - Z)}

<0.

The last inequality is obtained by assuming r; — dlilz — be > 0 (increasing I, if necessary) and
takingn’ <1 — ‘f—llilz — [;—f. It can be deduced from (3.7) that for # large enough and x € (—I», I»),
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one has U (x + ct + x1, &) > 1. Thus, we can reduce 7’ such that U (x + ¢t +x1, %) > W(x +
x)=n' 1&12. Then, by comparison principle,

t
U>W, VxeRandt/e[c—/,t].
C

Therefore, by taking x3 = x; and np =’ minxe[ b 1,&12 (x), we know that (3.16) holds.
)

Step 3. We complete the proof of Lemma 3.4. Let {#,},,c7z be such that 1, — oo, as n — oo.
Define

Uy, ) =U (x +cty, t + 1),
Vax,t) =V (x +cty, t + 1),

for (x,1) e R x [—t,, +00). Itis clearly that (U, (x, t), V,(x, t)) satisfies

W (x, 1) =y [(J1 % Up) (6 ) = Up (6, D]+ U () [11 (1= Uy, 1) — 124201

B (1) = da [(J2 4 Vi) (5,1) = V(6 D]+ Va0 [ 255505 — 0 — aVi w0

Uy (x, =tp) =U x +cty,0), V, (x, —1,) =V (x +ct,,0) .

Next, we will give some priori estimates of (U, (x,t), V,(x,t)) uniformly in n, which allow us
to reach to the limit as n — +o00. Since 0 < U (x,0) =up <1, 0 < V(x,0) = vg < 7», we have
0<U,(x,—t;) <1,0 < V,(x,—t,) <r. Hence, 0 < U, (x,1) < 1,0 < V,(x,t) <. Thus,
there exist positive constants D;,i =1, 2, ..., 4, such that for (x,7) e R x [—#,, +00) and n € Z,

AU,
3t

v,
3t

< dy [y Uyl -y [U| 41U [11 (4 10D + 22 ] < 2 + @ry +bo) = Dy,

<dr |2 % Val + o | V| + | Vi [,fﬁ‘fg,{‘ +a+a|vn|] <#2(2dy + Bb +a + arz) =: Ds,

and

92U,
912

b|Val }
11+ aUy|

Sd1|J1*(Un)t)|+d1|(Un)t|+|(Un)t|[V1(1+|Un|)+
10 |11+ |+ b (22
n 1 nlt 1+()[Un .
<2di Dy + D1(2r1 +br) +ri(1 + D) +b[Dy +aDs +ar,Di] =: D3,

9%V,
at2

<2dyDy + D1 (Bb + a + ary) + A2[BbDy +aD;] =: Dy.

For any y > 0, define
un,y(xa t) = Ul’l(x + V»t) - Ul’l(xat)a
Yn,y(xv t) = Vn(x + Y t) - Vl’l(xv t),
Jix)=Jix+y)—Ji(x),i=1,2.

Since J; satisfies (J1) and (J3), then J/ € L', there exists L; > 0,i = 1, 2, such that
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/

R

y)‘dyzflh(xvty —y)—Ji(x —y)|dy

1

=|V|/ /J{(x—y+97/)d0 dy

R 10

5IJ/I//|J,~’(x—y+9y)|dyd0§LiI7/|-
0 R

Hence, for any n > 0, there exists §; = ? > 0 such that fR [Ji(x — y)|dy <n provided that
[yl <6i,x e R,i =1, 2. Then it can be verified that

ou,
Uy (1) = 2y () — 5 (3, 1)

=2y e (s [ it = 30 Oy =y =l (5.0

R
bVy(x +y,t)
- n ) Ul’l ) Un ) - n )
rlp,y (x, ) (Up(x +y, 1)+ Uy(x,1)) Tl +7. t)Z/{ (1)
bo‘Un(xat)Vn(xvt)un,y(xst) _ bUn(xat)Vn,y(xat))
(1+aUp(x+y, DIl +aU,(x,0)] 1+aU,(x+y,1)

<2y o) (dr [ 106 = DUy = @ = )y (500
R
DA +7.1)
1+aU,(x+y,1)

— 1l (X, Y(Un(x +y,1) + Un(x, 1)) — Up,y(x,1)

balUy(x,t)Vy(x, t)Uy,y (x, 1) )

[1+aUn(x+y, DI +aUy(x,1)]
bU,(x,t) (

1+aU,(x+y,t)

L) V2 (x, t))
§4d1n—2(d1 —r —bfz—g) L)+ V2 (x 1), (3.17)

and

d Vh,
SV D=2y (x, n? TSR

=2y ) (02 [ Tax = Vil 0y = o+ @)V (r.)
R
BbU,(x, 1)
14+aU,(x+y,t)

—a(Vpx +y, )+ Vi(x,0)Vyy(x, 1) + Vi,y(x,1)
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BbV,(x +y,t) Uy (1) — BbalU,(x,t)V,(x,1)
14+aU,(x+y,1) "7 [1+aU,(x +y, D[ +aUy,(x, )]

< Wy ) (o [ ol = Vo 3.y = (o + @V (521
R
BbU, (x,1)
l+aUp(x+y,t) Vi (&, t)) +
BbaU,(x, 1)V, (x,1)

2 2
T T aUn G+ 7, DI T alp(x, 1)) oy 0500+ Vay (20)

<4dyniy —2(dy +a— b — Bbir) V;  (x.1) +2BbAlU; , (x.1). (3.18)

Uy (x, r))

BbV,(x +y,1)
l+alU,(x+vy,1)

Uy, (x.0)+ V5 (x.1)

Adding the two inequalities (3.17) and (3.18), we deduce from the assumptions that k; :=d; —
ri —biy — 5 — Bbi, > 0 and k := d> — Bb +a — Bbi, — 5 > 0. Then we obtain that

9
E(U,f’y(x, H+V;,(x.0)
<4(d1+d2f2)n—2 dy — 1 — bis— 2 — By \ U2 (x. 1)
— 2 2 n,y ’
. b\.,
-2 dz—l—a—ﬁb—ﬁbrz—i V,W(x,t)

—4 (dl + dzfzz) n— 20U, (x,1) = 2k V2 (x, ). (3.19)

Let k =min{ky, k»}. Due to (3.19), we have

a
3 (U,%’y(x, 1)+ V,%’y(x, t))
<4 (dy + i3 =2k (U2, (v, 0) + V2, (x.D)) (3.20)
Multiplying both sides of (3.20) by e?*¢=) and integrating from s to 7, we have

(2, .0 +V2, )
t

<e D (U (9 + V2, (5,9) +4 (d + o) f e *i=0gp. (321

s

Taking s = —t, from (3.21), we get that

(12,0412, @)

2(di + dof3)

<o 2K+t (uiy (x, —1) + V,%,y (x, —tn)) + X

That is,

572



M. Zhao, R. Yuan, Z. Ma et al. Journal of Differential Equations 316 (2022) 552-598

|Up (x +y,1) = Uy (x, D>+ Vo (x + . 1) = Vo (x, 1)

2(di +daf3) 1

<|Up(x 4y, —tn) = Un(x, =) > + |Va(x 4+ ¥, —t2) — Vi (x, —1,)* + p

Since U, (x, —t,) and V, (x, —t,) are uniformly continuous for x € R, there exists 3 > 0 such
that |Uy (x + v, =) = Un(x, —t2)| <0'/2 and |V, (x + v, —t) = Vi (x, —1)| < n'/* whatever

|y| < 83. Thus, there exists a positive constant D5 and for any y > 0 such that |y| <6 :=
min {81, 8, 83}, we have that for all x e R and r > —1,

o)

|Un(x + Y, t) - Un(-xa t)| S <2+ 2«#‘]’{;"2"2)) n.= Ds}’],
2

|Vﬂ(x +7/, t) - Vn(x,t)| S <2+ M) 7] = DSn.

Furthermore, there exist positive constants Dg and D7 such that for all x € R and # > —1,, it
follows that

|2 (1) — 2L, )|

S‘dl (1% (Un(x +y, 1) = Up(x, 1)) — (d1 —r1) (Un(x +y, 1) — Un(x, 1))
—rUn(x+y, ) +Up(x,0) (Up(x +y,1) = Uy(x, 1))

an(x+Vat)

— U ) —U,(x,t
1+ern(x+y,t)( n(x +y,1) = Un(x, 1))

bU,(x,t)
— V 1) — Vax,t
l+aU,,(x+y,t)( n(X +y,1) n (X, 1))

bOlUn(x,t)Vn(x,t)
[1+aUn(x+y, DI+ alUy(x,1)]
< [(Zdl +3r; + bez) Ds + bD5] n =: D¢n,

Un(x +y.1) = Un(x, 1))

and
oV, oV,
1) — —(x,1)| < Dn.
o x+y,1) o (x,1) 71

By the above priori estimates, the Arzela-Ascoli theorem and a diagonal extraction process, we
can extract a subsequence #, — oo such that

U,(x,t) > Ux(x,1t) locally uniformly as n — oo,

where U (x, t) satisfies

0 Uso(x, 1) — di[(J1 % Uso) (x, 1) — Uso(x, 1)]

b
— 1 Uso (x, 1) [1 U= +a; G t))]

ZO’
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for (x,t) € R x R. Moreover, according to (3.16), we have

liminf inf U(x +cty +x3,1") > no. (3.22)

I [ 1
xe(=%,3).1el 4 1]

Since U, (x + x3,1) = U(x + ct, + x3,t + 1), according to (3.22), we obtain that for any r <0

with |#| small enough, infxE b b Uso(x + x3,1) > n2. Let U, be the solution of the following
-7

equation

B (6, 1) = i [y % U (6, 1) = e, 0] = U0 [ 1= Us (8,1) = iy | =0,

Us(x, 1) =mg(x),

(3.23)
where g(x) € C(R, [0, 1]) satisfies g(x) = 1 for x € (=2 +x3,2 +x3), g(x) = 0 for x e R\
(—— +x3, 3 by x3), and g(x) is monotone increasing in x € (—— +x3, 7 Ly x3) and decreasing
inx e (4 + x3, 122 + x3). Then by comparison principle, we have U (x, t) > Ug(x, t). It follows
from [24, Theorems 3.1 and 3.2] that U (x, t) converges locally uniformly to a unique positive
equilibrium solution of system (3.23), denoted as p.. Hence, Uxo (x, 00) > p, for x € R. By the
definition of Uy, we then obtain

litm inf Uso (x + ct, t) > p, locally uniformly with respect to x.
—00

Since F(U,, V) :=1-U,— ”(1}14‘2[]5) decreases monotonically with respectto V and F (p,, €) =
0, we have p, < 1. Hence, by the arbitrary of &, it follows that

liminfU (x +ct,t) =1
—00
locally uniformly with respectto x e R. O

Now, we complete the proof of Proposition 3.3. The statement limy—, o0 SUP., s <y <, (1 —
U (x, 1)) = 01is a straightforward consequence of Lemma 3.4. Indeed, if this statement is not true,
then we can assume that there exist two sequences {x,} and {¢,} satisfying c1¢, < x, < c2t,, and

t, — 00, as n — 00, such that limsup U (x,, t,) < 1. Let ¢, = ’;—", then ¢, € (c1, 2) C (cy, cy).
n——400 "
Thus, there exists a subsequence {n;} of {n} such that lim;_, o c,; = ¢, where ¢ is a real number

satisfying ¢ € [c1, c2]. By Lemma 3.4, it then follows that U(x,,J sIn; )= U(cnj tn,,tnj) — 1 as

J — oo. This contradicts limsup U (x5, #,) < 1 and the proof of the proposmon iscompleted. O
n—+00

3.3. Spreading of U and V for 0 <c < cy

Proposition 3.5. Let dy > r; +bip + % + Bbry and dy > Bb—a+ Bbry + %. Foreach c € [0, cy),
there exists € > 0 such that the solution (U, V) of (1.1) with initial data (uo, vo) satisfies:

liminf inf V(x,1) > ¢,
t—>00 |x|<ct

limsup sup U(x,t) <1—¢and 11m1nf inf U(x,t)>e.

t—00 |x|<ct =00 |x|<cr

574



M. Zhao, R. Yuan, Z. Ma et al. Journal of Differential Equations 316 (2022) 552-598

We prove this argument in three steps. We first use Lemma 3.6 to prove the “pointwise weak
spreading” which illustrates that the U-component of the solution of system (1.1) converges
to neither 0 and 1, and the V-component dose not converge to 0. Then Lemma 3.8 shows the
“pointwise spreading” which means that the solution is bounded along with the path x = ct by
some constant € > 0 as t — +o0. In the last step, we use Lemma 3.10 to prove that the spreading
is in fact uniform in the interval [—ct, ct] with0 <c¢ < cy.

Here we assume that c? is a fixed constant and satisfies 0 < c® < cy.

Lemma 3.6. (Pointwise weak spreading) There exists €| (c®) > 0 such that for any (ug, vo) € H
with ug # 0, for all c € [0, " and x e R:

limsup U (x +ct, t) > 81(60),

—>0o0

and, if moreover vy % 0,

limsup,_, o, V(x +ct, 1) > &1(c"),
liminf;— oo U(x +ct, 1) <1 —&1(c?).

Remark 3.7. It follows from this statement that &1(c®) can be chosen to be nonincreasing with
respect to ¢,

Proof of Lemma 3.6. Note that when vy = 0, the equation for U becomes a standard monostable

type equation with nonlocal dispersal. By Proposition 2.5, U (x + ct, t) converges to 1 as t — 0o

for any x € R and ¢ € [0, cyy). Therefore, we only need to consider the case when vy is not trivial.
We argue by contradiction by assuming that there exist sequences

(0,15 v0.0)}n>0 € H, {cn}n=0 C [0, c’] and {x,}n>0 C R,

{t,}n>0 C [0, 00) such that t, — +o0,

such that ug ,, vo,» # 0 and one of the following three options holds true:

1
Vt>t,, Up(xp +cpt, 1) < —, (3.24)
n
1
Vfilm Un(xn"i‘cntyt)zl__v (325)
n
or
1
Vi >ty, Vaxn +cnt, ) < —, (3.26)
n

where (Uy, V,,) is the solution of system (1.1) with initial value (ug_, vo ). Without loss of
generality, we assume that ¢;, = ¢ € [0, 0.
We first prove that (3.24) implies (3.26). Choose any sequence s, > t,. By the arguments

similar to the Lemma 3.4, we can extract a subsequence such that the following convergence
holds locally uniform in (x,7) € R x R
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nl—i>nclo Up xp+cp (sp+1) +x,8, +1) =Uxo(x,1),
lim V, (xp +cp (s +1) +x,8, + 1) = Vool(x, 1),
n—00

where the limit function (U, V) is an entire solution of the following system, which is the
same as (1.1) but there are some additional drift terms:

0tUso =d1(J1 ¥* Uso — Uso) + €00 VUoo + Uno ["1(1 —Ux) — 1_{1(‘1/0&00],

1 Voo = da (2 Voo = Vo) ooV Voo + Vo | 255 — aVo — a].

(3.27)

It is easy to see that Uy, > 0 and we deduce from (3.24) that Us (0, 0) = 0. According to the
comparison principle in Theorem 2.1, we obtain that U, = 0, hence V4, satisfies

3 Voo =da(J2 % Voo — Vo) + €00V Voo — aVo —aV2.
It is easy to verify that for any 7y € R, the function (x, ) > 7,e ¢+ is an upper solution of

the above equation, for any ¢ > —ty. Due to Veo(x, —tfg) < 7 for any ) € R, we deduce that
Voo (x, 0) < 726790, Then we have Voo (x,0) =0 as g — oo. Thus,

Vi (xn 4+ cnsp, s,) — 0 as n — oo.

And since the choice of the sequence s, is arbitrary, (3.26) holds true.
Now, we give the following claim.

Claim* In both cases, that is either (3.25) or (3.26) holds, then there exists a sequence {t)},>0
such that t}, > t,, and for any R > 0,

lim sup 11— Upy(xn+cn(t, +1)+x,1,+1)]=0. (3.28)

">004>0,xe[—R,R]
We will prove the Claim* in next subsection 3.4. We continue the proof of Lemma 3.6 and
derive the contradiction mainly through (3.28). Without loss of generality, we first assume that

t = t, for all n € N. We can see that for any R > 0 and § > 0, then for any n large enough, any
t>0and x e R:

Un(xn +cn(tn +1) +x, 10 + 1) = (1 = 8) x—r,R1 () =: U(x).
Then applying the comparison principle, we have that

Vaxn +cn(ty +8) +x, 8, +1) > V"(x,t), V>0, xeR,
where V" is the solution of

BbU (x)
I+aU(x)

{ 0V (6, 1) = da(J VI = VI, 1) + ¢ VY (1) 4+ V7 () | a—aVv"(x.n],

Kn(x’ 0) =V, (xp +cnty +x, 1) .
(3.29)
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Similar to the proof of Claim* (see Section 3.4 for details), we obtain that the function ¢g g, (x)
X

= ne~“*cos (ﬁ) is a sub-solution of (3.29), provided that R is large, ap € (0,a*) and 5 €
(0, no], using the fact that ¢ < cy. It follows from the comparison principle that

VaQin +cnlty +1) +x,t, +1) = V" (x, 1) > ®(x,1), Vt>0, xeR, (3.30)
wherein @ = ®(x,¢) is the solution of (3.29) with initial data ¢g «, . Since function & =
®(x, 1) is increasing in time and bounded by 7, it converges to some positive stationary so-
lution that does not depend on 3, denoted by g, g s. Furthermore, using a prior estimate and

Arzela-Ascoli theorem, we can extract a subsequence of g, g s converging as n — 0o, R — oo
and § — 0 to a stationary state goo Of

b
d2(J2 % oo — Goo) + Coo Voo + G0 [li—a —a—aqoo} =0. (3.31)

Due to cos (%) — 1 locally uniformly as R — 00, g is bounded and positive. We claim that
inf x)>0.
OR Goo(x)

Indeed, notice that if goo = goo(x) is a stationary solution of (3.31), then the map V (x,1) =
Goo(x — coot) satisfies

oV(x,t) —dao(oxV—=V)x,t)=V(x,t) [fk—ba —a—aV(x, t)] . (3.32)

It follows from Proposition 2.5 that

liminf inf V(x,0)=/ >0, coo€l0,cy).
=00 |x|<cCoot

Namely, for each x € R and ¢ € [0, cy), we have
liminf V (x + coot, t) > 0.
11— 00

Note that V (x + cxof, 1) = goo(x) for any x € R and ¢ > 0, then we complete the claim. Using
(3.30), we have

.. infgeo
liminfV, (x, +c¢, (t, +1t) +x,t, +1) >

t——+00

>0, xe[—R,R],

where R > 0 can be chosen large enough for n large enough. But thanks to the above lower
estimate, we obtain that

limsupU, (x, + ¢ (ty +1) +x,t, +1) < lim U,(x,1),
t—+00 1—>+00

where U,, denotes the solution of
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8Un = di(J1 % U = Un) +x VU + Unlri(1 = Un) = 5555 bxi—rm ()],
U,(x,0)=1.

Since 1 is a super-solution, the limit of U, as t — 400 is well-defined and decreases with respect
to time. Moreover, we claim that this limit stays locally away from 1, uniformly as n — oo.
Indeed, we can extract a subsequence of U, (x, t) that converges locally uniformly to the solution
Uso(x, t) of the same problem where ¢, is replaced by coo. Since 1 still is a strict super-solution,
we have that U (0, 1) < 1. Therefore

limsupﬁn(o, <1,

n—oo

and

limsup lim U,0,1) <1,
+o0

n—oo [~

since U, decreases with respect to time. This contradicts Claim* and the proof of Lemma 3.6 is
completed. O

Lemma 3.8. (Pointwise spreading) There exists 82(60) > 0 such that, for any (ug, vo) € H with
ug % 0 and vy 20, for all ¢ € [0, °] and any x € R:

liminfV(x + ct,t) > & (c0> ,

t—+00

liminfU (x +ct,t) > & (c0> ,

t—+00

limsupU(x +ct,t) <1 —¢ (co).

t—+00

Remark 3.9. Similar to Remark 3.7, we have that &, (co) can be chosen to be nonincreasing with
respect to ¢’. We mainly use the idea of uniform persistence theory in dynamical systems to
prove this lemma, see [14,50,51].

Proof of Lemma 3.8. We argue by contradiction to prove the first assertion, i.e. V spreads
away from 0. We assume that there are sequences (uo, ., vo,,) € H with ug , # 0 and vg , # 0,
¢ €10, % and x,, € R, such that

1
liminf V, (x,, +cpt,t) < —.
t——+00 n

Without loss of generality, we assume that ¢, = lim,,_, o ¢, € [0, 1. By Lemma 3.6, there exist
two sequences t,, — oo and s, € R™ such that for each n > 0

&
Vi(xn + cutn, ty) = 53

&
Vi (xn +Cnt7t)§5, Vt € [ty, ty + snl,

1
Vi Gen + cn(ty +8p), ty +5p) = ;7

578



M. Zhao, R. Yuan, Z. Ma et al. Journal of Differential Equations 316 (2022) 552-598

where & = 1 (c") is provided by Lemma 3.6.
Similar to the previous proof, we extract a converging subsequence

ngngo Un(xp +cn(ty +5p) +x, 1 + 55 +1) =Uso(x, 1),
nlinc}o Vaxn +cn(tn +50) +x, 80 +5p +1) = Voo (x, 1).

The above convergence is locally uniform in (x,¢) € R x R and the limit function (Uso, Vo) is
an entire solution of (1.1). We choose #, and s, such that V4, (0, 0) = 0. Using the comparison
principle, we obtain that Vo, = 0. In particular, the sequence s, is unbounded. Indeed, assume
by contraction that lim,,_, o, S, = s < +00, then we have

hm Vilxy +cn(ty +1),t,+1t)=0 Vtel0,s,],

n—-+

which is impossible because

£
hm Vi(xn 4+ cnty, ty) = 3 > 0.

n——+

Thus we assume that s,, — +00 as n — +00.
We now consider the limit functions

Ux,t)= lim U, (xp + Catn + X, 1y + 1),

n——+00

V(XJ) _nl}r-&r-loo VG + cntn +x, 1, + 1),

which are well defined as a result of global boundedness and a prior estimate. The pair (U, V)is
a global in time solution of system (1.1), and V (0, 0) = % > 0.

We~ claim that U (x,0) #£0. Indeed, we argue by coptradiction by assuming that U (x,0)=0,
thus U = 0 thanks to the comparison principle. Then V satisfies

WV, t)=do(JoxV —V)(x,t) —aV(x,t) —aV?(x,1). (3.33)

For any 7y € R, define V(x t) = r2e —alt+io) Tt jg easy to check that V(x t) is an upper solution
of (3.33), for any t > —fy. Since V(x,—tg) < 7, for any 1o € Rt, we have V(x,0) < Fre™ .
Then we obtain that V (x,0) = 0 as fo — oco. By the comparison principle, we get that V =0
which contradicts V (0, 0) > 0.

Next we take (U, V) as a solution of system (1.1) with initial data

(UOa ‘70) = lim (U,(xp +cptn +x, 1), V(X +cnty +x, 1)) € H,
n—-+00
and (70 #£0, as well as \70 # 0. By Lemma 3.6, we obtain that
Vx € R, limsup V(x +ct,t) > ¢, for any c € [0, cO].

t——+00
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On the other hand, for all ¢ € [0, s,,),
£
Vi (xn + Cuty +cnt 1y +1) < E
Due to s, — +00, it follows from the locally uniform convergence that
~ e
Vicoot, 1) < E’W >0,

which contradicts the inequality above provided by Lemma 3.6.
The second and third assertions, namely the spreading properties of U, can be proved with
similar arguments. O

Lemma 3.10. (Uniform spreading) Let the initial data (ug, vo) € H with ug % 0 and vo # 0 be
given. Then for any 0 < ¢® < min{cy, cy}, there exists € > 0 such that

liminf inf V(x,t)>¢,
t—400 |x|§c0t

liminf inf U(x,t) > e,
1—>+00 |x|<c0¢

limsup sup U(x,t) <1—e¢.

t——+00 |x] SCOZ
Proof. We argue by contradiction by assuming that there exist #, — 400, ¢, € [0, c°] such that

Vcyty, ty) — 0. (3.34)

Without loss of generality, we assume that ¢, — ¢ € [0, %1 as n — +00. Choose some small
8 > 0 such that coo + § < min{cy, cy }, and define the sequence

cnt
th = cm”ﬁ €[0,1,), Vn=>0.

First, we consider the case when the sequence {c,t,},>0 is bounded, which may happen if co =
0. Then we can extract a subsequence such that ¢,#, — x5 € R as n — +00. We consider the
functions

Up(x,0) = U + ety ty 1), Va(x, 1) = V(X + Cut, 1y +1), (3.35)
and
lim U,(x,t):=U(x,1), lim V,(x,1):=V(x,1). (3.36)
n—oo n—oo

Using (3.34), (3.35) and (3.36), we have that

V(0,0) = lim V(cuty, 1) = 0.

n—o0

Then by the comparison principle, we can extract a subsequence such that
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Viepty +x,t, +1t) — 0, asn — +00,

locally uniformly. Moreover, we have that V(0,7,) — 0 as n — +o00, which contradicts
Lemma 3.8 with ¢ = 0.
On the other hand, we assume that ¢, — +00. Then applying Lemma 3.8, one has that

V((coo + )1y, 1) > &, (3.37)

for each n large enough, where ¢ = e>(cso + §) is the constant provided by Lemma 3.8.
We consider the functions

Un(x, 1) = U+t ty + 1), V(@ 0) =V (x + Culs 1 + 1), (3.38)
and
lim U,(x,t):=U(x,1), lim V,(x,t):=V(x,1).

n—oo n—0o0

From (3.38), we can rewrite (3.34) and (3.37) as
Vn 0,0) > ¢, Vn 0,1, — ty/,) — 0.

Now we give the following sequences

i, = sup{Ogtgtn — 1 Vu (0,1) > %} € (0,1, —1),

Spi=ty— 1) — Iy
Then the following properties can be derived,

7 (0.5) =5,
Vi (0,0) <5, Vi €[ty ln+35n].
V, (0,7, +354) = 0 as n — +o0.

Similar to the proof of Lemma 3.8, we can draw a contradiction with Lemma 3.6. Thus we obtain
that

liminf inf V(x,t) >e¢.
t——+00 |x|§c0t

The second and third statements, namely

liminf inf U(x,t) > e,
t—+00 \lecol

and

limsup sup U(x,t) <1 —g¢,
t—40o0 \X|SCOI

can be proved with similar arguments. Therefore, we complete the proof of Lemma 3.10. O
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3.4. Proof of Claim*
In this subsection, we give the proof of Claim* introduced in subsection 3.3.

Proof of Claim*. First, we consider the case when (3.25) holds true. We will prove that Claim*
holds true for the sequence ¢, = t,. We argue by contradiction by assuming that for some R > 0,
there is § > 0, for any sequences s, >, and x,, € [—R, R] such that

Un(xn + CnSn + X, 50) <1 —38. (3.39)
Using Arzeld-Ascoli theorem again, we extract a converging subsequence

nlin;o Uy xn+cn(sp+1)+x,8,+1) =Ux(x, 1),
nl;n;o Vin+cen(p+t)+x,8,+1) = Voolx, 1),

where the limit function (U, Vo) is an entire solution of (3.27). It is easy to see that Uy, <1
and by (3.25), we have that Uy (0, 0) = 1. Therefore, according to the comparison principle
in Theorem 2.1, we obtain that Us, = 1 (as well as Vo = 0). But, since the sequence {x,} C
[—R, R] is relatively compact, it follows from (3.39) that

Uso (), 0) <18,

where x/ is an accumulation point of the sequence {x,,}. This contradicts U, = 1, thus Claim*
holds true under condition (3.25).

Now we consider the case when (3.26) holds true. We first verify that for any R > 0, the
following formula holds true

lim V, (x, + ¢, (t, + 1) + x, t, + ) = 0 uniformly on [— R, R] x [0, 00). (3.40)
n—>oo

Indeed, if this is not true, then for some R > O, there are § > 0, s, > ¢, and x,’l € [—R, R] such
that

Vi (xn + cpsp + x;l, Sp) > 8.
Using again Arzeld-Ascoli theorem, we extract a subsequence, that is, as n — oo:

Up (xp+cp(sp+1) +x,8, +1) = Uso(x, 1),
Vi (Xn +¢n (Sn +1) +x, 5, +1) = Vol(x, 1),

where the above convergence holds locally uniformly and (U, Vo) is an entire solution of
(3.27). By the comparison principle in Theorem 2.1 and (3.26), we obtain that V, = 0, which
contradicts Voo (x,,,0) > &, where x/, is an accumulation point of the sequence {x),}. Thus,
(3.40) holds true.

Now we are ready to show (3.28). We have just shown that for any R > 0 and § > 0, then for
any sufficiently large n it follows that for each x e R and ¢ > O:
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Vaxpn+en(tn+1)+x,t,+1) < ’:ZXR\[—R,R](x) + 8X[—R,R](x) = V(x) (3.41)

Applying the comparison principle in Theorem 2.1 and (3.41), we deduce that for each R > 0,
8 > 0 and n large enough

Uy (p+cp(ty +0) +x,6,+1) >U"(x,t), Vi>0, xeR, (3.42)

where U" is the solution of

0" (x 1) = dy (N1 # U7 = UM (x )+ 6 VU™ (1) + U™ [ra (1= U e, 1) = s |,
Qn(x’ 0)=U, (xp +cpty +x, 1) .
(3.43)
Consider the following operators for x € [-R, R] and R > 0
Qc, [Wlx, 1) :=di [ [ Ji(x — )W (y, 1)dy — W(x z)] +en VW (x,1)
W) [ (1= W) - s
and
L., [Wl(x,t):=d f JIx =)W, )dy + ¢, VW (x,t) + mW(x, 1), (3.44)
R
where m| will be determined later. Let
_nem¥cos(3%).  x€(—=R,R),a2>0,0<n=<n,
DR,y n(X) = { 0, xeR\ (=R, R), (3.45)

where 1o € (0, +00) and we assume that ay and 7 are two independent constants. We claim that
for R large enough

R 00
Ji ® ¢R,a2,n(x) =7 / Ji(x —y)e” @Y cos (2 )dy >n / Ji(x — )’)e_aw (e (%) dy.
iy —00

(3.46)
Indeed, due to anyhow Ji * @R «,,5(x) = 0, we take without loss of generality that x € (=R, R).
In order to make (3.46) valid we have to show that for y € R \ (=R, R) either cos (7%) <0
or Ji(x —y) =0. We assume J; has a compact support, then there exists K such that supp
J1 C[—K,K].If x € (—R, R)and|x— |<K,thenye (—R—K,R+K) C (—3R,3R) when
K < 2R. Thus, we obtain that cos( ) <0fory e [-3R, —R]U[R, 3R]. Moreover, since supp
JiC[—-K,K]C (—2R,2R) whenK < 2R, we obtain that J1(x —y) =0fory € R\ (—=3R, 3R).
Thus, we deduce that

oo

n / Ji(x — y)e Y cos (Z—I);) dy

—00
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—-3R —-R R

/+/+/+/+/ Ji(x — y)ne” "‘”cos( )dy
R

—o0  —3R —R
R

<n / Ji(x — y)e ¥ cos (;%) dy.

—R

Taking (3.45) into (3.44) and using (3.46), we obtain that

Lcn [¢R,az,n](x)

oo

_ TX — / Ty
T —aox SIH(2R>]+m1¢R,¢¥2vU+d1n / Ji(x —y)e ¥ cos (ﬁ)d)’

—00

n

>Cn [_a2¢R,a2,n - R

T
= —cna2+m1+d1/e°‘2yJ1(y)cos (ﬁ) dy [ PR.as.y
R

+ —%cn—i—dl/ “”Jl(y)sm(z )dy ne= %2 s1n(72rl);>
R

Therefore, Le, [¢R,ay,y] > 0 on x € [—R, R] if the following two conditions are satisfied:

! oy .
Cp < Z mi +dl / J] (}’)COS(ZR)dy = Aml(az’ R)’ (347)
R
_ 2Rd1 ay . ny .
Cn=—- /e Ji(y)sin (ﬁ) dy | =: B(aa, R). (3.48)
R

We first establish some properties of the functions A,,, and B(az, R). As R — oo, we have
locally uniform convergence of

my +di [pe* Ji(y)dy
[0%) ’

Aml (a2, R) — Aml (a2) =

mmm»»mMy=mfwwm@m»
R

Differentiation gives
A, (@) = (B(@2) — Ay (@2)) faa, (3.49)

HWﬁ=m/1@WWﬁ®>0
R
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It follows from the properties of the function A,,, (a2) that it achieves infimum. Then, there exists
a* > 0 such that A, (¢*) = inf,,~0 Am, (o2). By the definition of «* and (3.49), we obtain that
B(a*) = Ay, (o). Since B is an increasing function, thus B(az) < B(a*) for 0 < oy < o*. Then
we have

Ap, (02) > Ay, (@¥) = B(a™) > B(ap) for 0 < ap < ™. (3.50)

In addition, we define ¢* := A,,;»(«™) with m* =r; —dy — b8 — rie and ri — b — rie >0
for small enough constant & > 0. We can choose m| < m* such that 0 < ¢, < D < Ap, (@*) <
A+ (@) = c* for any n > 0 and ¢? < cy, thus we have 0 < ¢, < ¢ < min{c*, cy}. Note that
B(0) < ¢* and B(0) = 0, then we have ¢, > B(0). Therefore, combined with (3.50), we can
choose ¢, ¢, S, R > 0 such that

B(¢1) +8 < ¢, < B(é) — 8 and |B(aa, R) — B(aw)| < 6.

It follows from the continuity of B(wz, R) and B(ay) that there exists some as(R) such that
B(az2(R), R) = ¢, for all large enough R. Obviously, we can choose R large enough such that
A, (@2(R), R) > c,. Thus, we prove that (3.48) and (3.47) hold true.

Hence we obtain L, [¢pR «,,y]1(x) > 0 for x € [-R, R]. Note that riW(1 — W) — ITJVW >
(r1 —rie —bS)W for 0 < W <¢ and m; <ry — dy — bd — rie. Therefore, we have

Qe, [¢R,a2,n] > L, [¢R,a2,,,] > 0 on x € [—R, R], namely,

bé
—di(Jy * ¢R,a2,n - ¢R,a2,n) - CnV¢R,a2,r] - ¢R,ot2,17 (rl - rl¢R,a2,n - W)
,Q2,1

<0in[—R, R].

Furthermore since supp ¢g.a,,5 C [—R, R], ®R a,,y is also a sub-solution of equation (3.43)
satisfied by U", the solution ®p o, ,(x, 1) of (3.43) with the initial data P g ¢, , (-, 0) = PRy, 5 (*)
is increasing in time and converges to some positive stationary solution that we denote by py g s-
Now we will show that it does not depend on the choice of o, € (0, «*) and 5 € (0, no]. To do
this, we simplify the notation of the stationary solution to pg,, while n, R, § and 7 are fixed for
the time because «; and 7 are independent. By the comparison principle, we know that py, < py’
for any ay, @’ € (0, a*) such that ap > a’. Next we argue by contradiction by assuming that there
is 0 < a3 < o1 <a* with py, # pa,. Hence by the comparison principle in Theorem 2.1, we
deduce that py, < pes. In addition, there exists a point xg € (—R, R) such that

ch,al,n(XOa 0) < Pos (x0).

Indeed, if it is not true then ®p o, ,(x, 0) > py, (x) for all x € R, which yields py, (x) > pa, (x),
a contradiction. We now consider

& = lnf{az S a3 : q)R,()lz,n(x’ O) S pOl3 (x)v V-x € R}
Then by the comparison principle in Theorem 2.1, we have that
Dpranx,0) <®psp(x,1) < pes(x), ¥t >0,Vx € R.
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On the other hand, by the definition of & and the function ® 4, having compact support
[—R, R], there is xo € [ R, R] such that ®p 4 ,(x0,0) = pa;(x0), a contradiction. Then, we
deduce that py, = pq,, for all o € (0, «*). Thus, we conclude that the positive stationary solu-
tion does not depend on «;. In addition, we can use the same method to prove that the positive
stationary solution does not depend on 7, denoted by p, r.s.

Because U, is not trivial, we can choose 1 small enough such that U" (x, 0) > @ 4, ,(x,0)
for all x € R. Then (3.42) implies that for any R > 0 large enough, é > 0 small enough and n
large enough:

Bmin Uy (s + o (6 1)+, 1 +1) = prgs(x). VxR, (3.51)
——+00

In order to complete the proof of Claim*, it remains to check that p, g s is close enough to 1 as
n and R are large and § is small.

Because p, r.s <1, by using a priori estimate and Arzeld-Ascoli theorem, we can extract a
subsequence of the function p, g s,asn — 0o, R — oo and 6§ — 0, converging locally uniformly
to a stationary solution ps, of

d1(J1 * Poo — Poo) + CooVPoo + 71 Poo(l — poo) =0. (3.52)

Since the map t = ®p 4, »(x, ) is nondecreasing for o € (0, @*) and 75 € (0, o], we choose
& € (0, ™) such that py, g,s(x0) = PR,a,ny (*0, 0) = 10e~** cos (53 )- Notice that cos (53) —
1 locally uniformly as R — 400, hence pso(x¢) > noe~** and the comparison principle in The-
orem 2.1 shows that ps, > 0. To conclude we shall use the following lemma for the monostable

equation:

Lemma 3.11. Let p = p(x) be a stationary of (3.52) such that 0 < p(x) <1 for all x € R. Then
px)=1VxeR.

Proof. To prove this lemma, first let p = p(x) be a stationary solution of (3.52) and satisfy
0 < p(x) <1 for any x € R. We know that the map U (x, t) := p(x — coot) satisfies

U —di(J1xU —-U)=rU( —U).
Due to U(x,0) = p(x) > 0 and ¢ € [0, cp), it follows from Lemma 2.6 that for each x € R
U(x+coot,t) = last — oo. In addiction, U (x + cxot, t) = p(x) forany t > 0 and x € R. Thus

we complete the proof of the lemma. O

By Lemma 3.11, we can immediately infer that po, = 1. Then, choosing R and § such that
for any R’ > 0, 8’ > 0 and n large enough, we have

Pn.r.s(x)>1—5forany x € (=R, R').
It follows from (3.51) that (3.28) holds true. Thus we complete the proof of Claim*. O
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4. Fast predator case

In this section, we mainly explore the behavior of the solution of system (1.1) when the prey
cannot exceed the predator.

Theorem 4.1. (Fast predator) Assume (J1), (J3)-(J4) and (H1) hold. ug, vo be two given nontriv-
ial compactly supported functions such that (uo, vo) € H. In addition, we further assume that
di > r1 +biy + % + Bbiy and dy > Bb — a + Bbir + 5.

If cy > cy, then the solution (U, V) = (U(x,t), V(x,t)) of (1.1) with initial data (ug, vy)
satisfies the following statements.

(i) Forany c > cy, then

lim sup V(x,t)=0.

{—>00 |x|>ct
(ii) For any ¢ > cy, then

lim sup U(x,t)=0.

=0 | x|>ct
(iii) There exists ¢ > 0 such that for each c € [0, cy), one has
liminf inf V(x,t)>e¢,
=00 |x|<Zct

limsup sup U(x,?) <1 —¢and liminf inf U(x,t)>¢.
=00 |x|<ct I—>00 |x|=ct

Proof. First, we prove the statement (i). In particular, for any ¢ > cy, there exists some 0 < n < 1
such that

o[ [ J- “Mdx —1 -
¢= inf 2l L3 x—l+k—a <c,
O<i<-+o0 A

where « := £ and k > a. Then there is some A > 0 such that

— l+an

Ar(A, €) =d2/J(y)e”dy —dy—ch+k—a=0.
R

Using (3.2), there exists #; > 0 such that Vt > 11,

sup sup U(x,t) <n.

1>t |x|>ct
Then the function V, = Ae >~ for any constant A > 0 satisfies
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0V2—d / T Va(x =y, Dy + daVa — Valk — a)
R
=cAV; — dz/ J(eMVady +daVy — Va(k —a)
R

=V> ck—dsz(y)e)‘ydy+d2 —Kk+a
R

=M1, )V

=0.

Thus, V5 is a sub-solution of (1.1) for any ¢t > t; and x > ct. Furthermore, according to bound-
edness, there is a sufficiently large A such that

V(x,t) <A< Va(x,1), Vt>t,|x|=ct.

It follows from Lemma 2.9 that the equation A>(X,c) = 0 has two positive roots A1 = A1(c),
A =Ap(c) and 0 < Ay < Ay < +o0 for any ¢ > cy. Moreover, there is A € (A1, A2) such that
Az(k ¢) < 0. According to the properties of Az(k c)and Ar(A,c),wecantake 0 < A < A| < .
Using (3.3) and choosing A large enough, we have

Vix,t1) <V(x,t1) < Va(x, 1), forall x e R.
Applying the comparison principle, one has

lim sup V(x,1)=0, V' >c.

t_)oo|x|>c’t

Since ¢ can be chosen arbitrarily close to cy, this means that V' does not spread faster than the
speed cy. Thus, we complete the proof of statement (i).

The proofs of statements (ii) and (iii) are similar to Propositions 3.2 and 3.5, respectively.
Hence, we omit it. This completes the proof of Theorem 4.1. O

5. Asymptotic behavior of the predator and the prey

This section is mainly concerned with the analysis of the long time behavior of the predator
and the prey, proving that they will eventually coexist.

Theorem 5.1. In addition to (J1), (J3)-(J4) and (H1) hold, suppose that system (1.1) has a unique
positive equilibrium point (u*, v*). We further assume that ry > bar, + %bot, 2a > Bba, dy >
r1+bry + % + Bbry and dy > Bb — a + Bbry + %’. Let (U,V)=(U(x,t), V(x,1t)) be a solution
of system (1.1) with nontrivial compactly supported initial data (ug, vo) € H with ug # 0 and
vo £ 0. Then for each c € [0, min{cy, cy}) one has

11m sup (|U(x,t) —u™| +|V(x,t) —v*|) =0.

|x\<ct
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Proof. We proceed by contradiction. Assume that there exist ¢ € [0, min{cy, cy}), a sequence
{(xk, tr) =0 C R x (0, 0o) such that #x — oo and 6 > 0 such that for all £ > O:

Ixk| < et and |U (xg, 1) — u™| + |V (xx, ir) — v™| = 6. S.1D

Consider the sequence of function (U, Vi) defined by

U, Vi(x,t) = (U, V)(x 4+ xp, t + tr).

We fix ¢’ > 0 such that ¢ < ¢’ < cy. From Theorems 3.1 and 4.1, there exist A > 0 large enough
and ¢ > 0 small enough such that for k > 0, x € R and r € R, we obtain that

<U 1) <1,
> Aand x| <t — oy = 16 S UKD =1 (5.2)
€< Vi(x,0) <r.

By some priori estimates, Arzeld-Ascoli theorem and the diagonal extraction process, we can
extract a subsequence such that

(Ug, Vi)(x,1) > (Uso, Vo) (x, 1) locally uniformly for (x, 1) e R x R, (5.3)

where (U, Vo) is a bounded entire solution of (1.1). Moreover, by (5.2), the function
(Uso, Vo) satisfies

inf  Us(x,t) >0and inf  Vg(x,t) >0,
(x.eR xR oo (¥ 1) (x,H)eR xR oo (¥ 1)

sup  Uso(x,1) <1,
(x,HeRxR
where (5.1) ensures that

[Uso (0, 0) — u™| + Voo (0, 0) — v¥| > 6. (5.4

On the other hand, define

WU, V)(1) =2/ [ﬁu*g (—U(:*’ t)> +o*g (—V(;’ 0)} dx,
R

where g(z) =z—1—1Inz,z > 0and g(z) > 0 for all z > 0. Since ug # 0, vo # 0 and (ug, vo) €
H, then the solution (U, V) of system (1.1) satisfies

0<Ux,H)<1, 0<V(x,t)<r, V(x,tH)eRxR.

Thus W(U , V) (1) is well-defined. The derivative of W(U , V)(t) along solutions of system (1.1)
is obtained as follows:
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dw (U, Vv
( )()

[( t>>_( e ( V<v*t>> o )]

R

2{ﬂ

v BbU (x, 1)
+ (1 — V(x’ [)) [dz(.]z *V — V)(x, t) + V(X,t) (m —da —aV(x, t)>:| }dx
bt
R

bv* bV (x,1) o
e 1 +aU(x, t))i| + (1 TV, t)> {dz(Jz *V —V)(x,1)

BbU (x, 1) Bbu* _
+ V()c,t)(1 T S +a(v V(x,t)))]}dx

:2/{,3 (1— u )[d1(11 *U—U)(x,t)]~|—<1— v )[dz(Jz*V—V)(x,t)]
R

bV(x,t)
[mm *U—=U)(x,t) +U(x,1) (’1 —nUlxn - m)]

U(u t)) |:d1(J1 *U—-U)(x,t)+ Ulx, f)(rl(u* —U(x.1)

U(x,t) Vix,1)

Bbou*(U(x,t) —u*)(v*—V(x,1))

_ k2 k2
rpUE 0 —u) =aV(x. 0 =V + A+ al(.0)

(I+ou*)(14+alU(x,t))

u* Ux,t) N
<2/ {ﬂ (1 - ) {dlfm)c—y)v(y,r)dy—dl /J1(x—y)u dy)}
(-xvt) M*
R

R

Vi) .
. ) |:d2/J2(x WV dy —d /Jz(x ~ dy)}
(x t) v*
R R

( Bbav* Bbau* ) B 7’1,3) Uxr) — u*)2

Bbav* (U (x, 1) — u*)? }d

+11-

+

1+ au*)(1+aU(x,t)) + 2(1 4+ au*)(1 +aU(x,1))

Bbau*

+ 21+ au*)(1 +alU(x,1))

—a> (V(x,1) —v*)z}dx

U )
2/[ ( t))/11<x—y>U<y,r>dy+d1ﬂ (1 -2 ”)/h(x—y)u*dy
R R
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+@O— - )/hu—wvmo®+@0—Vﬁﬁ)/hu—www
R

Vix,t)
R

+ (ﬂbafz + %,Bba - r1ﬂ> (U(x, 1) —u*)*+ Gﬂba - a) (V(x,t) — v*)2:|dx. (5.5)

The third equality of the above formula is based on the fact that E* := (u*, v*) is the equilibrium
of system (1.1), namely

Bbu*

1+au*

bv*
rlu*'f—m:"l,
—av*=a.

According to the assumptions, we have that

1 1
bary + Eba —r; <0and Eﬁba —a<0. (5.6)

Note that

/Jl(x—y)U(y,t)dva(l— U(:*’ n)/ll(x—y)u*dy dx
R R

* Uy, Ulx,
=2ﬁd1//11(x—y)u* |:(1— U(ch,t)) (uy* 2 +<l—%>i|dydx

R R
=2/3d1//11(x_y)u* 1— Ulx,1) n Uy, U(y,;)]dydx
R R

u* u* Ux,t)
=,3d1//11(x —y)u* |:1 - EACIL) + ve. 1) - U(y’t)]dydx
R R

u* u* Ux,t)
+par [ [ 0o - [1 SHOD T U(x’t)}dxdy
u u U(y,t)
R R
=,3d1//11(x —y)u* |:1 - UG 1) + ve. ) - U(y’t)]dydx
u* u* Ux,t)
R R
wpar [ [ nee— e [1 SHOD T U(x’t)}dydx
u u U(yat)
R R
_ L, UG UG
—,Bdlﬁ!AR/h(x Vu |:2 Uten) U(y,t)i|dydx' 6.7

Similarly, one has
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2d2/ (1 _ )/Jz<x—y>V<y,r>dy+<1— V(x’t))/fz(x—y)v*dy
Vix,t) v*
R R

R
=d2//12(x—y)v* [2 V.0 _ V(x’t):|dydx. (5.8)
R R

TV, V(L)

Substitute (5.7) and (5.8) to (5.5), it follows from (5.6) that %(r) <0.Recallthat 0 < U <

1,0 < V <, thus W(U , V)(¢) is non-increasing on ¢ and bounded. There exists a constant M
such that

My < WUy, Vi)(t) = WU, V)(t +1x) < WU, V)(@).

Thus, there exists a constant w such that

lim W(Ug, Vi)(t) = .
k— 00

Together with (5.3), it follows that W (Uso, Vo) (1) = W. Note that %(t) =0 if and only
if U(x, 1) =u*, V(x,1) = v*, respectively. Thus (Uso, Voo) = (u*, v*) which contradicts (5.4).
This completes the proof of Theorem 5.1. O

6. Numerical simulation

In this section, we perform some numerical simulations to illustrate the two cases stated in

Theorems 3.1 and 4.1, respectively.
2

0% (j=1,2) and o = 1. Furthermore,

V2mo?

We choose the kernel function J; (x) = J,(x) =

the initial functions are chosen as

0.3, |x| < 150, |
uo(x) = ﬁ(SOO —|x]), 150 < |x| <300, vo(x) = guo(x). 6.1)
0, |x| > 300,

For the case when the predator spreads slower than the prey, that is, cy < cy, we fix a =0.5,
a=03,8=0.8,d =dy=17, r; =2.5 and vary the parameters b and r, = 1{% — a. From
the definition of cy, we get that cy = 9.527. When the compactly supported disturbance of
the predator and the prey is initially located at the center of the frame, spatial invasions of the
predator and the prey arise in both sides of the domain. This phenomenon is depicted in Figs. |
and 2. Specifically, with the help of MATLAB, we obtain the snapshots of the solution of system
(1.1) with initial value (6.1) at time t = 28 (see Fig. 1) and at three different times (see Fig. 2).

Fig. 1 shows that the predator invades the environment slower than the prey and the propaga-
tion occurs in two separate processes. More specifically, the prey first invades the environment
and continues to multiply, making its population density reach the environmental capacity. With
the invasion of the predator, the predator will capture the prey, so that the density of the prey de-
creases and the density of the predator increases, and finally the predator and the prey coexist. It
can be seen from Fig. 1 that when the predation rate b increases, the solution of system (1.1) will
produce damped oscillations, and the greater the predation rate, the larger the magnitude of the
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(a) b=1.2, 75 = 0.2385, cy = 2.857 < cu

(b) b=1.5, 72 = 0.4231, cv = 3.816 < cy
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(c) b=12.3, 2 = 0.9154, cv = 5.651 < cu

(d) b=28, ry = 1.2231, ¢y = 6.559 < ¢y

Fig. 1. The spatial distributions of the prey U and the predator V at time ¢ = 28 obtained for various different values for
the parameters b and r.
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Fig. 2. The spatial distributions of the prey U and the predator V at three different times (increasing from left to right)
with b=2.5, rp = 1.0385.
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Fig. 3. The spatial distributions of the prey U and the predator V' at time # = 28 obtained for various different values for
the parameters b, r and r;.

oscillations. Fig. 2 shows the spatial distributions of the prey and the predator at three different
times with the same choices of the parameters as above and with b =2.5.

For the case when the predator spreads faster than the prey, we fixa =1.2, « =0.1, 8 = 1.5,
d; = dy = 17 and vary the parameters b, ry. First, we consider the case where the speeds of
the predator and the prey are the same, that is, cy = cy. We consider this situation because
when the predator spreads faster than the prey, the predator cannot survive without food. From
the definitions of cy, cy and rp, we can change the value of r; to ensure that cy = cy when
the value of b changes. Figs. 3 and 4 show that when the population of the predator grows fast
enough to catch up with the prey, the two species spread nearly simultaneously. In addition, it
can be seen from Figs. 3 and 4 that there are some spatial gap between the front of the prey and
that of the predator, but the gap shall be of order o(¢) at most.

Second, we consider the case where the spreading speed of the predator is faster than the prey,
that is, cy > cy. In addition to the same choice of the parameters as above, we further fix r; = 1.
From the definition of cy, we get that cy = 5.913. Based on our theoretical results, namely,
Theorems 4.1 and 5.1, we can see from Figs. 5 and 6 that the system spreads in fact just as fast
as the prey. This spreading phenomenon is similar to the first case cy = cy of fast predator.
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Fig. 6. The spatial distributions of the prey U and the predator V at three different times (increasing from left to right)
with b =2.1, r, = 1.6636.

Moreover, Fig. 5 shows that when the predation rate b increases, the solution of system (1.1) will
produce damped oscillations, and the greater the predation rate, the larger the magnitude of the
oscillations. Fig. 6 shows the spatial distributions of the prey and the predator at three different
times.
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