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Abstract In this paper, we mainly study the propagation properties of a nonlocal dispersal
predator-prey system in a shifting environment. It is known that Choi et al. [J Differ Equ,
2021, 302: 807-853] studied the persistence or extinction of the prey and of the predator
separately in various moving frames. In particular, they achieved a complete picture in the
local diffusion case. However, the question of the persistence of the prey and of the predator
in some intermediate moving frames in the nonlocal diffusion case was left open in Choi
et al.’s paper. By using some a prior estimates, the Arzela-Ascoli theorem and a diagonal
extraction process, we can extend and improve the main results of Choi et al. to achieve a
complete picture in the nonlocal diffusion case.
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1 Introduction

In recent years, in addition to seasonal and regional differences, climate change caused by
global warming, industrialization and overdevelopment have had a huge impact on the habitats
of biological species [37]. The habitats of species will move in both time and space on account
of climate change [36, 37]. A simple pattern for measuring climate change is the shifting of
environment quality with constant speed. This translates into the shifting of habitat quality,
which is reflected in the shifting of the growth rate for a species [39]. At present, many scholars
have devoted themselves to studying these topics; see [3, 5, 10, 12, 13, 16, 22, 25, 26, 28—
31, 34, 42].
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Random diffusion describes a process whereby organisms can only move to their surrounding
neighborhoods [1, 19]. Based on this property of random diffusion, we can describe the dynamics
of random dispersal through reaction-diffusion model. There has been much research on the
spreading speeds and forced waves of reaction-diffusion systems in a shifting environment. For
the case of the scalar equation, Bouhours et al. [6], Hu et al. [15] and Li et al. [25] explored the
conditions for the extinction and the persistence as well as the spatial-temporal dynamics of a
species with a shifting habitat edge. Fang et al. [11] and Vo [31] investigated the propagation
dynamics of a reaction-diffusion equation in a time-periodic shifting environment. Berestycki et
al. [3-5] established the existence of forced waves of reaction-diffusion equations for population
dynamics with a shifting habitat. Hu et al. [16] established the existence of an extinction wave
in the Fisher equation with a shifting habitat. For the case of a competition model, Potapov
and Lewis [28] considered a Lotka-Volterra competition model in a domain with a moving
range boundary, by which they obtained a critical patch size for each species to persist and
spread. Yuan et al. [39] and Zhang et al. [40] studied the persistence versus extinction for two
competing species under climate change. Dong et al. [9] investigated the existence of forced
waves in a Lotka-Volterra competition-diffusion model with a shifting habitat. Berestycki et
al. [2] investigated the persistence of two species and the gap formation of a Lotka-Volterra
competition model. For the case of a cooperative model, Yang et al. [38] considered the existence
and asymptotics of forced wave solutions in a Lotka-Volterra cooperative model under climate
change. We also refer the readers to some literature considering forced waves in domains with
a free boundary [14, 22].

In addition to random diffusion, nonlocal dispersal is a more reasonable process for some
species to travel for some distance, and their movements and interactions may occur between
non-adjacent spatial locations [1, 17, 19, 20, 23, 44]. The widespread long-distance dispersal
or nonlocal internal interactions are usually modeled by an appropriate integral operator, such
as [p J(z — y)lu(y) — u(x)]dy. Concerning the study of the effects of the climate change in
nonlocal dispersal, the work of Coville [8], Leenheer et al. [21], Li et al. [27], and Wang et al.
[32] studied the persistence criterion and the existence and uniqueness, as well as the stability
of forced waves for the scalar nonlocal dispersal population model in a shifting environment. In
addition, Zhang et al. [41] explored the propagation dynamics of a nonlocal dispersal Fisher-
KPP equation in a time-periodic shifting habitat. For the case of a competition system, Wu et
al. [37] studied the spatio-temporal spreading dynamics of a Lotka-Volterra competition model
with nonlocal dispersal under a shifting environment. Wang et al. [33] and Wang et al. [35]
investigated the existence of forced waves and gap formations for the lattice and continuous
Lotka-Volterra competition models with nonlocal dispersal and shifting habitats, respectively.
Bao et al. [1] studied the traveling wave solutions of Lotka-Volterra competition systems with
nonlocal dispersal in periodic habitats. For the case of the prey-predator system, Choi et al. [7]
studied the persistence of a species in a predator-prey system with climate change and either

nonlocal or local dispersal.

Due to the lack of a comparison principle and the issue of the compactness of the set of
solutions with bounded initial data, there is less work on predator-prey systems with nonlocal
dispersal in shifting environments. Motivated by the aforementioned works, we would like to

extend and improve the work of Choi et al. [7] in order to deal with the spreading population
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dynamics of predator-prey species in some intermediate moving frames with nonlocal dispersal
under a shifting habitat. In this paper, we consider the following predator-prey model with
nonlocal dispersal proposed by Choi et al. [7]:

—(x,t) = dq[(J1 * u)(x,t) — u(z, t)] + ru(z, t)|ale — st) — u(z, t) — av(x, t)],
gt (1.1)
8—1;(33,1?) = do[(J2 *x v)(x,t) — v(x,t)] + rov(x, t)[—1 + bu(z, t) — v(x, t)].

Here 2 € R,t > 0 and ry,79,a,b are all positive constants, and w(z,t) and v(z,t) are the
population densities of the prey and predator species at spatial position z € R and time ¢ > 0,
respectively. The dynamics of the prey population follow a logistic growth, which depends on
a shifting habitat with a fixed speed s > 0. Parameters 1 and r9 denote the intrinsic growth
rates. The constant a denotes the predation rate and b denotes the biomass conversion rate.
d1 > 0 and dy > 0 are the diffusion coefficients for prey and predator species, respectively. The

term J; * w — w describes the spatial dispersal process and
(Ji xw)(z,t) — w(z,t) = / Ji(r —y)w(y, t)dy —w(z,t), i=1,2,
R

where the symbol * denotes the convolution product for the spatial variable. Here we assume
that the kernel function J; : R — R(i = 1, 2) is continuous and satisfies the following properties:

(J1) Ji(z) = Ji(—x) > 0 for any € R and [, J;(z)der = 1,1 =1,2;

(J2) J; € CYR) and J; is compactly supported, i = 1,2.

The function a(-) models climate change, which depends on a shifting variable, and throughout
the paper we assume that it satisfies the following properties:

(a1) a(-) € CH(R) and nondecreasing in R;

(ag) —o0 < a(—00) < 0 < a(o0) < oco; furthermore, we choose a(o0) = 1, without loss of
generality (up to a rescaling);

(a3) the derivative of a(-) is bounded in R.

It is clear that the shifting environment may be divided into a favorable region {z € R :
a(x — st) > 0} and an unfavorable region {z € R : a(z — st) < 0}, both shifting with a speed
of s > 0. The non-decreasing property of a(:) assumes that the environment gets worse as
time goes on, and the negativity of a(—o0) accounts for a scenario in which the environment is
shifting to a very severe level in the unfavorable region. In assumption (ag3), we only require the
derivative of a(-) to be bounded instead of uniformly continuous, mainly on account of more
dramatic effects of global warming, including changes in the frequency of severe rainstorms,
hurricanes and other climatic disasters, which may have a short-term consequences on the
survival and reproduction of local or regional species [18, 24].

System (1.1) is supplemented by the initial condition
u(z,0) = up(x), v(z,0) =vo(x), z€R, (1.2)

where wug(x), vo(x) are bounded nonnegative functions with a nonempty compact support.
Throughout this work, we give the following assumption about the parameter:
(H1) b> 1.

This ensures that the amount of prey is sufficient to maintain the positive density of the preda-

tors. From system (1.1), we can see that the predator cannot survive without the prey.
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It is known that Choi et al. [7] explored the propagation properties of the predator and
the prey of system (1.1) in two different situations, namely, where the prey is faster than the
predator, in the sense that its maximal speed s* is larger than the maximal speed s, of the
predator, and the situation where s* < s,, i.e., the predator is faster than the prey. Here, the
speed s* represents the maximum speed of the prey in the “favorable” environment and without
a predator; the speed s, denotes the maximum speed of the predator when the prey density is at
saturation; see Section 2 for details. For the persistence of system (1.1), Choi et al. showed that
the predator and the prey are persistent in cases s < s** (s** < s*) and s < s* = min{s*™*, s, }
(Sex < S4), respectively. Here, s** is the speed of the prey in a favorable environment when
there is a maximal amount of predators, and s,. is the speed of the predator when there is a
minimal amount of prey. However, the proof of the persistence of the predator and the prey
of system (1.1) with speed s and min{s., s*} > s remains an open question. In this paper, we
extend and improve the main results in Choi et al. [7] to show that both species always persist
and achieve a complete picture of the spreading dynamics of (1.1). Inspired by the work of
Choi et al. [7] and Zhang et al. [43], we use some a prior estimates, the Arzela-Ascoli theorem
and a diagonal extraction process to perform various limiting arguments. We conclude that
under certain conditions, the predator and the prey persist.

The rest of this paper is organized as follows: in the next section, we establish some
preliminary results. In Section 3, we mainly consider the persistence of the prey u of system (1.1)
with an initial value (1.2) in the moving frames with speeds between s and s = min{s*, s, } > s.
In Section 4, we show the persistence of the predator v in the moving frames with speeds

between s and s = min{s*, s.} > s.

2 Preliminaries

In this section, we mainly introduce some preliminaries and recall some results for spreading
speeds.
First, we define that

X ={w(z)| w(z) : R = R is bounded and uniformly continuous},
with the norm
lw]|x = sup [w(z)|.
R
Then (X, || - ||x) is a Banach space. Furthermore, for any constant d > 0, let
Xg={we X :0<w() <d, VreR}.
Set the order of the space X2 = X x X as
w<we w(z) <w(zr), reR,i=1,2

for any w = (w; (z), w,(2)) and @ = (@ (z), W2 (2)) € X*.
We define the set H C X? by

H:{(wl,w2)€X2:0§w1§1and0§w2§b—1}.

Our initial datum will always be chosen in the set of H. Here, we point out that the set H is

positively invariant under the semiflow {S(t)}+>0 generated by system (1.1). In particular, this
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means that system (1.1) with initial condition (1.2) admits a unique globally defined solution
(U(x,t),V(x,t)) with
(U, V)(x,-) € C*([0,00),X?), Vx€R and (U, V)(-t)€ H, Vt>0.
Based on the research of Choi et al. [7], we obtain the spreading speed of the population of
the prey by taking o =1 and v = 0 in the u-equation of (1.1), which is given by the quantity

d Mdy — 1
A | R TR R
0<A<+00 A

(2.1)

Since b > 1, we obtain the spreading speed of the predator population when the density of the
prey is fixed to its maximal capacity 1, namely,

d J. Ady — 1 b—1
Sy := inf 2 UR 2(y)evdy ] ] ) (2.2)
0<A<+00 A

Letting s > 0 be a given fixed constant, we assume that
s :=min{s", s.} > s.

Next, we give the following proposition for the spreading speed of a nonlocal system which

will be used in Sections 3 and 4:

Proposition 2.1 ([17]) Let w be a solution of the system
0
—w(x,t) =d(J *w—w) +rw(z,t)(k —w(z,t)), zeRt>0,
ot (2.3)

w(z,0) = x(z), z€R,

where kernel J satisfies (J1)—(J2) and the initial data xy € X admits a nonempty compact

support. The parameters satisfy d > 0,7 > 0 and k > 0. Let w(-,t) € X, for all ¢ > 0 for

Az _
a given Yy € X5 and ¢ :=  inf dlf T(z)e )\dx rrk > 0. Then the following statements are

0<A<+o00

valid:
(i) for any ¢ > ¢, if x has a nonempty compact support, then
lim sup w(z,t) =0;
t—o0 ‘:E‘>Ct

(ii) for any 0 < ¢ < ¢, if x(-) # 0, then

liminf inf w(z,t) =k.
t—=oo |x|<ct

We give the following lemma, which plays an important role in performing various limiting
arguments:

Lemma 2.2 Let @ = max{—a(—00),1}. For any ¢ € (s,s), we assume that (J1), (J2),
(al)~(a3), (H1) and that d; > ria+ 5% + % and dy > ro(b—1) + % + 4%L. For any
initial data satisfying (ug,vo) € H with ug # 0 and vy # 0, the corresponding solution (u,v) of
(1.1) satisfies that

(u, V)(x + ctp,t +tn) = (Uoo, Voo) (2, t) locally uniformly as n — oo,

where {t, }nez is such that ¢, — 0o, as n — 00 and (U, Vo) (2, t) satisfies that
O
ot
OV

ot

(,t) = dq [(J1 * Uoo) (2,1) — Uso (2, 1)] + Moo (2, ) [1 — Uoo (2, ) — avs (2, 1)],

(x,t) = da [(J2 * Voo) (T, 1) — Voo (T, )] + roveo (@, 1) [—1 + buco (2, 1) — Voo (z, )] .
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Proof Let {t,}nez be such that ¢, — 0o, as n — 0o. Define that

Up(z,t) = u(z + ctp,t + 1),
vp(x,t) = v (2 + ctp, t + 1),
an(r — st) = alz — st + (c — s)ty,)
for (z,t) € R X [—ty,4+00). It is clear that (uy(z,t),v,(z,t)) satisfies that
Oun
ot
Ovn
ot
Up (x, —tn) = u (2 + ctp,0) v, (z, —tn) = v (T + ctp,0).

(2,t) = dy [(J1 * up) (x,t) — up(z,t)] + riun (2, t) [an (@ — st) — up (2, t) — avy (2, )],

(x,t) = da [(J2 *vp) (x,t) — vp(x,t)] + rovp (2, t) [-1 + buy (2, 1) — v, (2, 1)],

Next, we use some a prior estimates of (u,(x,t),v,(x,t)) uniformly in n to reach to the limit
as n — +o00. Since
0 <u(z,0)=uy <1,0 <v(x,0) =vy <b-—1,

we have that
0 <up(z,—t,) <1,0 <wv,(x,—t,) <b-—1.

Hence, 0 < uy(z,t) < 1,0 < vy(z,t) < b— 1. By assumptions (ap) and (as), we have that

|y (z — st)| < max{—a(—0),1} = a. (2.4)

Therefore, there are positive constants D;,i = 1,2,--- ,4, such that, for (z,t) € R x [—t,, +00)
and n € Z,

ouy,

S | < A i un] 4 difun| + 71 fun|[lon (@ = st)] + Jun| + afva]]

S 2d1 +T1(1+d+a(b— 1)) = Dl,
ov,
Bt < dy |Jo % vp| + dao |Un| + 72 |vn| [1+ b|un| + |vn]] < (b—1) (2de + 2bra) =: Ds.

It follows from assumption (ag) that there exists a constant M > 0 such that, for any
n €N,
[(an)t| < M, for any t € R. (2.5)

Therefore, by using (2.5) and the assumption ¢ € (s, s), we have that
‘8211”

gz | < Gl (un)el + di|(un)e| + 1l (un)el lan (@ = st)] + [un] + alon]]

71 fun| [| = 5% (an)e| + |(un),|) + al(vn)el]
<2d1Dy+riDi(1+a+ab—a)+r(sM + Dy + aDsy) =: D3,
’821)“
ot?
For any v > 0, define that

S 2d2D2 + 2b7"2D2 + 7"2(b — 1)(bD1 + D2) = D4.

Un (2, 1) = up(x+7,t) — un(z, 1),
Vny(2,1) i=vn (2 + 7, 1) = vn(x, 1),



1102 ACTA MATHEMATICA SCIENTIA Vol.44 Ser.B

Since J; satisfies (J1) and (J2), J! € L', and there exists L; > 0,i = 1,2 such that

/Rji(m—y)‘dyz/RUi(l“-i-V—y)—Ji(x—yﬂdy

1
:Ivl/‘/ T —y+ 07)6| ay
R 0

1
<hl [ [ 1= y-+07)|ayas < Lip.
0o Jr
By assumptions (aq) and (ag3), there exists Lz > 0 such that
|an (x4 — st) — ay,(x — st)| < Ls|y|.

Hence, for any 1 > 0, there exists J; = 7~ > 0 (¢ = 1,2, 3) such that

[ 1o = )iy < and a4y = st) = (o = st)] <,
R
provided that |y| < é;,2 € R,i = 1,2, 3. Using (2.4), we can verify that

9 5 B U, ~
aunﬁ(x,t) = Uy (x,1) ey (x,t)

= 2U, (1) (d1 / Ji(x — y)un(y, t)dy — (di — rian(z +7 — 8t))Un - (2,1)
R
— 1l (@, ) (un(z + 7, 1) + up(x, 1) + rius(z,t) (ap(x + v — st) — o (z — st))
— rravp(x + 7, U 4 (2, 1) — r1au, (2, 1)V 4 (2, t))

< 2Up (1) (d1 /R jl(x — Y un(y, t)dy — (di — riom (@ + v — st)) Uy (2, 1)

Uy (2, 8) (i (2 + 7, E) + 1 (,1)) + P10 (2, 8) (i (2 + 7 — 5E) — o0 (2 — st)))
+ riau, (z,t) (Z/lz,,y(a:, t) + V,zw(x, t))
<4(dy +r1)n—2 (dl —ra— a—;l) L{fw(ac, t) + arlvsﬁ(x, t), (2.6)

and

0., B OVn .y
aVnﬁ(a@,t) =2V, (2, 1) 5 (z,t)

=2V, 00)(da [ ot~ )0 (00~ (da -+ 72)Vos (1)
R
—ro(Un(x + 7, 1) + vn (2, 1)) Vi ny (2, 1) + robup (2, 1) Vi 4 (2, 1) + robu, (x4 v, O Uy ~ (2, t))
<2V, 4 (2,t) (dg/ Jo(x — y)vn(y, )dy — (do + 72) Vo~ (2, ) + Tobuy (z,8) Ve A (2, t))
R

T rabon (i + 7, U2 (2, ) + V2 (1,1))
rob(b — 1)
2
Adding the two inequalities (2.6) and (2.7), we deduce from the assumptions that

b(b—1 b(b—1
kl;:dl_:rl@_@_u>o and kz:=d2+7“2—r2b—r2( )_a‘rl
2 2 2 2
Then we obtain that

0
& (Ui,w (JC, t) + VZ,'y (.CE, t))

< 4dan(b—1) —2 (dg + 79 — T2b — ) Vi (@, 1) + rab(b — DU (2,t). (2.7)

> 0.
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A(dy + 71 +da(b—1))n <d1_r1a_7"1a_rzb(b—1)>u2 (.t)

2 2 ™
rob(b — 1 ar
-2 (d2 + 719 —10b — % - 21> VTQL),Y(I‘J)

=4 (dl +r + dg(b — 1)) n— 2]612/{72177(33, t) — QkQVTQL’,Y(l‘, t). (28)

Let k = min {k1, k2} . Due to (2.8), we have that

a L{Q VQ

2 0) V2 ()

<A(dy 471 +da(b—1))n =2k (UL (z,t) + Vi (2,1)) . (2.9)

Multiplying both sides of (2.9) by €**(!=*) and integrating from s to t, we have that
(Up (. ) + Vi (2,1)

t
< e =) (U2 (2,5) + V2 (2, 5)) +4(d1+r1+d2(b—1))n/ e 2=0qg.  (2.10)

S

Taking s = —t,, from (2.10), we get that

Uy (1) + V3 (1))
Z(dl +7r +d2(b— 1))’/]

S e—2k‘(t+tn) (US,’Y ({L’7 —tn) + Vg"y (Z', _tn)) + k 7

that is,

‘un (l‘ + ’Yat) — Un (xvt)|2 + |Un (-73 +’th) — Un (CC,t)lQ
2(d1+r1+d2(b—1))n

< un(z + 7, —tn) — un(z, )| + |vn(z 47, —tn) — vn(z, )‘ + A
Since uy,(x, —t,) and v, (z, —t ) are uniformly continuous for z € R, there exists 64 > 0 such
that |u, (z 4 v, —tn) — un(z, —tn)| < 7% and |v,(x + v, —tn) — va(x, —t,)| < 1'/2, whatever

we have for |y| < d4. Thus, there exists a positive constant D5, and, for any v > 0, such that
|7| < & := min {41, d2, 3,94}, and we have that, for all x € R and ¢t > —t,,
2(di+r1+da(b—1
|Un($+7,t)—un($,t)‘2§ <2+ ( ! ! k 2( )))’I]: D577,
2(dy +m -‘rdg(b— 1))
k

[on (@ + 3, 8) — vl B < (2+ )77:= Dan.

Furthermore, there exist positive constants Dg and D7 such that, for all x € R and ¢ > —t,,, it
follows that

aun 6un
W(ﬂf +7,t) — (%(%t)‘

< | (1 (@ 3,8) = wn(@,0)) = i (un (@ +7,8) = wn(2,))
=71 (un (2 47, 8) + un (2, 1)) (un(z +7,1) — un(z,1))
—ar1op(z + 7, 1) (un(z + 7, t) — up(z,t)) — ariuny(x, t) (vp(z + v, t) — va(x, t))
+ o (x + v — st)ri (un(z +7,t) — up(z,t)) + ri(an(z + v — st) — an(x — st))uy(z,t)

< (2dy + 2r1 + ary + ary + ar1b)Dsn + rin =: Dgn,
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and

Ovn
ot

Since ¢ € (s, s) and on account of the assumption (a2), we have that

ov,,
(x + ’th) - W(xat) < D777~

nh_{rolo ap(x — st) = nll—{%o alz —st+(c—s)t,) =1

locally uniformly with respect to z € R and ¢ € R. By the above a prior estimates, the Arzela-
Ascoli theorem and a diagonal extraction process, we can extract a subsequence t,, — 0o such
that
(Un, Un)(2,1) = (Uoo, Voo ) (x, t) locally uniformly as n — oo,
where (U0, Voo ) (, ) satisfies that
Ol
ot
OVsg
ot
We complete the proof of Lemma 2.2. O

(x,t) = dq [(J1 * Uoo) (2, 1) — Uso (2, 1)] + rtioo (2, 1) [1 — Uoo (2, ) — avso (2, 1)],

(2,8) = da [(J2 % Vo) (X, 1) — Voo (X, )] 4+ roveo (@, 1) [—1 + buso (2, 1) — voo (2, 1)] .

3 Survival of the Prey u

In this section, we consider the large time behavior of solutions of system (1.1) with an
initial value (1.2), and more precisely we deal with the persistence of the prey v in the moving

frames with speeds between s and s = min{s*, s.} > s.

Theorem 3.1 (Uniform spreading of u) Let @ = max{—a(—00),1}. Assume that (J1),
(J2), (a1)~(a3), (H1) and d; > ma + 5% + 2070 and dy > r(b — 1) 4 22020 4 an
Let the initial data (ug,vg) € H with ug £ 0 and vy #Z 0 be given. If s < s, then, for any

n € (0, (s — s)/2), there exists € > 0 such that lim inf inf u(x,t) > e.
i=-F00 (s+n)t<a] < (s—n)t

We divide things into three steps to prove Theorem 3.1. We first use Lemma 3.2 to prove the
“pointwise weak spreading”, which illustrates that the u-component of the solution of system
(1.1) does not converge to 0. Then we apply Lemma 3.4 to show the “pointwise spreading”,
which means that the solution is bounded along with the path z = ¢t by some constant € > 0 as
t — 400. We complete the proof of Theorem 3.1 by showing that the spreading is in fact uniform
in the intermediate range between the moving frames with speeds s and s = min{s,, s*}.

Lemma 3.2 (Pointwise weak spreading) Assume that s < s. Then, for any ¢ € (s, s),

there exists £1(c) > 0 such that, for any (ug, vg) € H with ug Z 0 and vy Z 0, the corresponding
solution (u,v) of (1.1) satisfies that limsup u(ct,t) > &1(c).
t—o0

Proof We argue by contradiction by assuming that there exists a sequence

{(Uo,m UO,n)}nZO € H,

such that ug p, vo,, #Z 0 and
lim lim sup u,(ct, t) =0, (3.1)

n—=+00 ¢ +00
where (uy,vy,) is the solution of system (1.1) with an initial value (ugn,v0,,). Then we can

choose a time sequence t,, — +00 as n — oo such that lim sup wu,(ct,t) = 0.
n—-4o0o t>t,
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Now we claim that, for any R > 0,
lim sup  up(z +ct, t) =0. (3.2)
n=+00 14| < R, t>t,
Indeed, assume, by contradiction, that there exist sequences z, € [—R,R] and t|, > ¢, such
that
lim inf wu,, (2, + ct,, ) > 0. (3.3)

n—+oo nrm
By arguments similar to those for Lemma 2.2 and ¢ > s, we can extract a subsequence such

that the following convergence holds locally uniform in (z,t) € R x R:

lim wu, (z+cth, t +1) = us(z,t),
n— 00
lim v, (z +cth,, t +t,) = voo (T, 1).

n— oo
Here the limit function (0, Vo) is an entire solution of the system
Qo
ot
OV
ot
It is easy to see that us, > 0, and we deduce from (3.1) that us(0,0) = 0. According to

the strong maximum principle, we obtain that u., = 0. On the other hand, by (3.3), we can

(2,t) = dy [(J1 * Uoo) (2,1) — Uso (2, 1)] + M1 Uoo (2, 1) [1 — oo (2, ) — aV (z,1)],
(3.4)

(2,t) = da [(J2 * Voo) (T, 1) — Voo (T, )] + T2Voo (2, 1) [—1 + bueo (X, 1) — Voo (2, 1)] .

also extract another subsequence, x, — T € [—R, R], such that us(2s,0) > 0, which is a
contradiction. Therefore, (3.2) holds.
Similarly, we claim that
lim sup  vu(z+ct,t) =0. (3.5)
noO 3| <Rt
Indeed, if this is not true, then we can find an entire in time solution (o, Vo) of (3.4) with
Uoo = 0 and vy > 0. Then
0o
W(x,t) =dy [(J2 * Vo) (X, 1) — Voo (2, V)] + 72000 (2, 1) (—1 — Voo (2, 1))
< dy [(J2 # Vo) (2,1) — Voo (T, 1)] — roveo (2, 1) (3.6)

for all z € R and t € R. Let 9 (x,t) be the solution of
Voo
g—(x,t) = dy [(Jo * Too) (1) — Too (2, 1)] — T2Tns (2, 1), 2 € Ryt > —to, to € R,
t (3.7

Voo (T, —t0) = Voo(x, —tg),x € R, tg € R.

It is easy to verify that, for any ¢y € R, the function (z,t) + (b — 1)e~"2(**%) is an upper
solution of the above equation for any ¢ > —ty. By using (3.6) and the comparison principle,
we have that

Voo (2, 1) < (b—1)em2(H10) 2 e Rt > —to. (3.8)

Due to veo(x, —tg) < b —1 for any to € RT and (3.8), we deduce that v, (x,0) < (b— 1)e~ "%,
Then we have that v (z,0) = 0 as tg — co. By the strong maximum principle, we obtain that
Voo = 0. This contradicts ve > 0. The claim (3.5) is now proven.

By (3.5), for any d; > 0, there exists n large enough such that

vn(x,t) < 01, for all (z,t) such that ¢ > t,,x € (¢t — R, ct + R). (3.9)
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Since a(oco) = 1, and by (3.9), there exists n large enough such that

aaitn(ac,t) > dy [(J1 * up) (2,t) — upn (2, 8)] + r1(1 — up (2, t) — ady)un(x,t) (3.10)

for all t > ¢, and = € (¢t — R, ct + R). On the other hand, set

Q[W](I‘,t) = dl/RJl(x 7y)W(yat)dy*d1W(xvt) +7‘1W($,t)(1 - W(Z,t) 70‘51) - atW($7t)7
(3.11)

and

LW](2,1) = d /le (& — )W (y, )y + mW (2, £) — 9, W (1), (3.12)

where m will be determined later. Let
—ct
nemaﬁltefﬁ(mfct) cos <7T(‘T2RC)) ,x€(—R+ct,R+ct),t €R,
0, r€R\ (—R+ct,R+ct),t € R,
(3.13)
where 7 € (0,+00), 8 > 0, and we assume that S and 7 are two independent constants. Next

¢(1’,t) = QSRﬁm(xat) =

we show that ¢(x,t) is a sub-solution of (3.11). In fact, we first claim that, for R large enough,

R+ct
—ct
J1* oz, t) = 77/ Ji(z — y)emadite=Bly=ct) g (7r(y2Rc)> dy
—R+ct
R Ty
=1 [R Ji(z — et —y)e"®rte P cos (ﬁ) dy
oo
>n /_OO Ji(z — et —y)e"¥9te ™R cos (%) dy. (3.14)

Indeed, due to the fact that are anyhow have that J; * ¢(x,t) > 0, we take, without loss of
generality, that € (—R + ct, R+ ct) and ¢t € R. In order to make (3.14) valid we have to show
that, for y € R\ (=R +ct, R+ ct), either cos (%) < 0or Ji(z—ct—y)=0. We assume that .J;
has a compact support, so there exists K such that supp J; C [-K, K]. If x € (—R+ct, R+ct)
and |z —ct —y| < K, theny € (-R— K,R+ K) C (—3R,3R) when K < 2R. Thus, we obtain
that cos (%) < 0fory € [-3R,—R]U|[R, 3R]. Moreover, since supp J; C [-K, K| C (—2R,2R)
when K < 2R, we obtain that Ji(x —ct —y) =0 for y € R\ (—=3R, 3R). Thus, we deduce that

J —ct — riadit ,—By (ﬂ) d
n /_DO 1(x—ct —y)e e PY cos 5R Y
3R -R R 3R 0o Ty
= +/ +/ +/ +/ Ji(z — ct — y)ne 1t =PY cos (—) dy
—o0 3R J-r JR 3R 2R

R Y
< 77/ Ji(x — ct — y)e"®1te=PY cos (—) dy;
n 2R

that is, (3.14) holds. Taking (3.13) into (3.12) and using (3.14), we obtain that

) e“a‘slt} + (m —riady)o

+ dlﬁ/ Ji(x —ct — y)efﬁy cos (%) er1aditqy

— 00

= {—cﬁ—l—m—rladl —|—d1/

8 Ty
Re YJ1(y) cos (2R) dy] 0]
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m . Yy — —ct) r1ad1t o W(I‘—Ct)
4+ |—=—=c+d PV sin (—)d e Blo—ct)griadit g (23 ) )
[ R 1 /R 1(y) o) Y| o7

Therefore, L[¢] > 0 on z € [-R + ct, R + ct] and ¢t € R if the following two conditions are
satisfied:

c< % {m —r1ady + dy /Reﬁle(y) cos (%) dy} = A (B, R); (3.15)
c= %dl {/R ePY.J1 (y) sin (%) dy} =: B(5, R). (3.16)

We first establish some properties of the functions A,, and B. As R — oo, we have the locally

uniform convergence of

— B
An(B,B) = An(8) = 21100 +d;fRe Yhp)dy

B8 ) = B(3) = d [ ye ().
Differentiation gives that
AL (B) = (B(B) — An(B)) /B, B'(B)=du /R J(y)e?ydy > 0. (3.17)

It follows from the properties of the function A,,(8) that it achieves infimum. Then, there
exists 8* > 0 such that A,,(8*) = infg~ Am (B). By the definition of §* and (3.17), we obtain
that B(8*) = Am(B8*). Since B is an increasing function, B(8) < B(5*) for 0 < g < *. Then
we have that

Am(B) > Am(B7) = B(6") > B(B), for 0 < <" (3.18)

In addition, we define that ¢* := A,,«(8*) with m* = ry — r163 — r1ad; — dy and r1 — r102 —
2riad; > 0 for small enough constants §; > 0, d2 > 0. Since 0 < s < ¢ < s, we can choose
m < m* such that 0 < s < ¢ < A,,(8*) < A= (8*) = ¢*. Noting that B(0) < ¢* and B(0) =0,
we have that ¢ > s > B(0) = 0. Then, combing this with (3.18), we can choose ¢1,¢2,6, R >0
such that

B(e1) +d < c¢ < B(cg) — 0 and |B(8,R) — B(B)| < 0.

It follows from the continuity of B(5, R) and B(f) that there exists some [(R) such that
B(B(R),R) = c for all large enough R. Obviously, we can choose R large enough such that
A (B(R), R) > ¢. Thus, we have proven that (3.16) and (3.15) hold true.

By the definition of ¢ g ,(z,t), we obtain that L[¢|(z,t) > 0 for (z,t) € R x R. Note that
W1 =W —ady) > (r1 —r1d2 — r1ad) )W for 0 < W < é and m < ry — 162 — r1ad; — dj.
Therefore, we have that

Q9] (x,t) > L[¢] (z,t) >0, for (z,t) € R xR,

namely, that
fdl/ Ji(z —y)o(y, )dy — rid(z, ) (1 — ¢(x,t) — ady) + Oo(x,t) <0, for (z,t) € R x R.
R

Using (3.10) and taking 7 small enough so that u,(z,t,) > ¢(z,t,),Vz € R, we get, by the
comparison principle, that u,(z,t) > ¢(z,t) for all t > ¢, and = € R. However, ¢(ct,t) =
net191t 5 400 as t — 400, which contradicts 0 < u,, < 1. This completes the proof of Lemma
3.2. O
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Lemma 3.3 For any ¢ € [0,s), there exists £)(c) > 0 such that, for any initial data
satisfying (ug,vo) € H with ug # 0 and vy # 0, the solution (u,v) of the system

%(m,t) =dy [(J1 *u) (z,t) — u(x, t)] + rulz, t) [1 — u(z, t) — av(x, t)],

(3.19)
0
a—i(m,t) =dy [(J2 xv) (x,t) — v(x,t)] + rov(z, t) [-1 + bu(z, t) — v(x, t)]
satisfies that
lim sup u(ct, t) > €/ (c).
t—-4o00
Proof The proof of Lemma 3.3 is similar to that of Lemma 3.2, so we omit it. g

Lemma 3.4 (Pointwise spreading) Assume that s < s. Then, for any (ug,vo) € H with
ug Z 0 and vy Z 0, for all ¢ € (s, s), there exists e2(c) > 0 such that the corresponding solution
(u,v) of (1.1) satisfies that

- S
ltlgﬁg u(ct,t) > €2 (c).

Proof We argue by contradiction to prove this assertion, i.e., that u spreads away from
0. We assume that there are sequences (ugn, Vo,n) € H with ug,, # 0 and vg,, # 0 such that

lim  wy,(cty,t,) =0. (3.20)

n—-+oo

By Lemma 3.2, there exists another sequence ¢,, — oo such that

£1(c)
n—-+oo nrn 2

lim  w,(cth,th) > )
and without loss of generality, we can choose it so that ¢/, < ¢, for any n. We define that

g
T = SUD {t; <t < tylun(ct,t) > 12(6)} ,

from which it follows that

YVt € (Tn, tn), un(ct,t) < 612(0). (3.21)
Then this yields the following properties:
Un (€T, Tn) = 612(0),
up (ct, t) < 5150)’ t € (Tn,tn), (3.22)

Un ((Tr +tn — Tn), Tn +tn — Tn) — 0, as n — oo.

By Lemma 2.2, we can extract a subsequence t,, — oo such that
(Un, Vn) (2 + ctny t 4 ) = (Uoo, Voo ) (2, t) locally uniformly as n — oo,

where (U0, Voo ) (2, t) satisfies that

8;7;0(%0 =di [(J1 *Uuso) (2,1) — oo (2, 1)] + T1teo (2, 1) [1 — uso(z,t) — aveo (2, t)],

oo
%(w,t) =dy [(J2 * Vso) (2, 1) — Voo (2, )] + Toveo (@, 1) [—1 + buce (2, 1) — Voo (2, t)] .
From the choice of t¢,, we have that u.(0,0) = 0, and hence that u, = 0, by the strong

maximum principle. In particular, the sequence ¢, — 7, is unbounded. Indeed, assuming by
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contraction that lim (¢, — 7,) = < 400, it follows from the third formula of (3.22) that

n—oo

lim w,(e(r, +t), 7, +1) =0, Vte[0,t, — 7],

n—-+oo

which contradicts the fact that
e1(c)
2

for n large enough. Thus we obtain that t,, — 7,, — 400, as n — 400. Therefore we can extract

Up (CTy,y Tn) =

a subsequence such that
a(z,t) = ngrfoo Un(x + cTpy T + 1),

oz, t) = ngr}rloo V(T + Ty, T + 1),

which are well defined as a result of the global boundedness and some a prior estimates. The
pair (@, 0) is a global in time solution of system (3.19), and %(0,0) = Egﬂ > 0. In addition, we

have that
e1(c)

a(ct,t) < , for all t > 0. (3.23)

Notice that, when v # 0, this entire solution immediately contradicts Lemma 3.3. Now it

remains to consider the case of when ¥ = 0. Then

o
a—?(z,t) =d; [(J1 *a) (x,t) — a(x, t)] + ra(z, ) (1 — a(z, b)),
which is the scalar nonlocal diffusion equation of KPP type. Recall that ¢ < s = min{s,, s*} <

s*, and that @(z,0) >% 0, so, by Proposition 2.1, we have that
a(ct,t) = 1, as t — +o0,

which contradicts (3.23). Thus we have completed the proof of Lemma 3.4. O
Proof of Theorem 3.1 We fix 7 and argue by contradiction by assuming that there
exist {t, x} and {z, x} with ¢, ; — 400, as k — 400, and that
Tk € [(8 +M)tnk, (8 — M)tn k]
such that )

un(xn,katn,k) S (324)

for any positive integers n and k. However, applying Lemma 3.4, one has that

liminf u, ((s —n/2)t,t) > e2(s — n/2).

t——+oo

In particular, we define another time sequence

T,k .
t;L,k‘ = s— 77/2 € [Oatmk)v Vn > 0, kkr—&r-loo t{n,k = too.

Then, applying Lemma 3.4, one has that
£a(s —n/2)
2
for any k large enough. For each n, we choose such a large k£ and drop it from our notation for

Un (T ks t;,k) >

convenience. Then we can define that

Tp 1= SUp {t; <t <tyluy (ct,t) >

min{e](c),e2(s —n/2)} }
2 )
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where €/ (c¢) comes from Lemma 3.3. Similarly to the proof of Lemma 3.4, we have that
tn, — Tn — 400, as n — +o0.
We consider the functions
Up(z,t) = u(x + ey mn + 1), Op(x,t) =v(x + cTp, 7 + 1),

and

nh_{lgo Un(x,t) := a(x,t), nh_{r;o Op(x,t) := 0(x, t).

Then the following properties can be derived:
min{e} (c), £2(s —1/2)} min{} (c), £2(s — 1/2)}
2 ’ 2

Regardless of whether © = 0 or ¥ > 0, we reach a contradiction with either the result of

@(0,0) =

u(0,t) < , for all ¢ > 0.

Proposition 2.1, or Lemma 3.3. This concludes the proof. g

4 Survival of the Predator v

In this section, we show the persistence of the predator v in the moving frames with speeds

in the interval (s, s), where we recall that s = min{s.,, s*}.

Theorem 4.1 (Uniform spreading of v) Let & = max{—«a(—o0),1}. Assume that (J1),
(J2), (a1)-(a3), (H1) and dy > rya+ 52+ 2201 and dy > 7o (b—1)4 22281 4 an | [t initial
data (ug,v9) € H with ug # 0 and vg # 0 be given. If s < s, then, for any n € (0, (s — s)/2),

there exists € > 0 such that lim inf inf v(z,t) > e.
t=+00 (stmt<|z|<(s—n)t

The method is the same as for the prey, but before proving Theorem 4.1, we give the

following three lemmas:

Lemma 4.2 (Pointwise weak spreading) Assume that s < s. Then, for any ¢ € (s, s),
there exists e3(c) > 0 such that, for any (ug,vo) € H with ug #Z 0 and vy # 0, the corresponding
solution (u,v) of (1.1) satisfies that limsup v(ct,t) > e3(c).

t—o0

Proof We let ¢ € (s,s), and assume by contradiction that there exists a sequence of
solutions { (@, 0y,)} with initial data {ug n,vo,} C H, with ug, #Z 0 and vg, # 0, such that

lim limsup o, (ct,t) = 0. (4.1)

n—+00 ¢ 300

Then, for each n, we can choose t, large enough such that

lim sup o,(ct,t) = 0. (4.2)

n—-+4o0o t>t,
Next we claim that, for any R > 0,

lim sup{ sup On(z,t)} = 0. (4.3)
n—+00 t>t,,|lz—ct|<R
Indeed, assume by contradiction that there exist sequences t,, > t,, and xz,, € [ct], — R, ct], + R]
such that

lim inf 0, (2, t,) > 0. (4.4)

n—-+o0o
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By using arguments similar to those for Lemma 2.2, we can extract a subsequence such that
the following convergence holds locally uniformly in (z,t) € R x R:

lim i, (¢ + 2, t + 1)) = too(w, 1),
n—oo

lim 0, (z + Zp,t + 1)

n—oo

Voo (T, 1).

Here the limit function (@, o) is an entire solution of the system
Ol
ot
00
ot

It is clear that U, > 0. By extracting subsequences t/, > t,,, 2, = Zs € [ct), — R, ct,, + R] and

(2,t) = dy [(J1 * lioo) (2, 1) — oo (2, 1)] + r1Uoo (2, ) [1 — tieo (2, 1) — aVso(x,1)],
(4.5)
(z,t) = do [(J2 * Voo) (T, ) — Voo (T, 1)] + roloo(z,t) [—1 + blieo (2, 1) — Voo (2, )] -

using (4.1), we deduce that 0o (ct!, — o0,0) = 0. According to the strong maximum principle,
we obtain that 0o, = 0. On the other hand, by (4.4), we deduce that 9,,(0,0) > 0, which is a
contradiction. Therefore, (4.3) holds.

Now, we claim that

lim sup{ sup Un(x,t)} =1, for any R > 0. (4.6)
n—+o0o ¢>t,,|lr—ct|<R

We assume by contradiction that there is a sequence {(z,t))} with ¢, > ¢, and z,, € [ct], —
R, ct! + R] such that

lim sup @y, (zy,, t,) < 1.
n——+00

By some a prior estimates, the Arzela-Ascoli theorem and a diagonal extraction process, we

can extract a subsequence t;, — oo such that
(T, On ) (T + Tyt + 1) = (Uoo, Voo ) (2, ) locally uniformly as n — oo,

where (Uso, Voo ) (, ) satisfies that

3(;&7?(%0 =dy [(J1 % Uoo) (T,1) — Uoo (T, )] + T1Ueo (7, 1) [1 — Uso (2, ) — aveo (2, 1)],
a;%"(x, t) = da [(Jo % Voo) (2, 1) — Voo (2, 1)] + Tovo0 (2, ) [~1 + buice (2, 1) — veo (2, 1)) .

Since v (0,t) = 0 for all ¢ > 0, by the strong maximum principle we get that v = 0. In
particular, u., satisfies that
OUso
ot
On the other hand, by Theorem 3.1, we have that

(z,t) = dy [(J1 % Uoo) (2, 1) — Uoo (2, 1)] + r1too (2, 1) (1 — uso(z,1)), (2,t) € R%

inf  weo(z,t)>0.
(z,t)ER?

This implies that us = 1, which is a contradiction to u«(0,0) < 1, by our choices of x,, and
t/.. Hence (4.6) holds.

For any small §; > 0 and large R > 0, we have that

aaitn(x,t) > do [(J2 % Op) (2, t) — Vp(x, t)] + roOp(x,t) (=1 +b— 1), |z — ctn| < R, t > &,

for any n large enough. Similarly to the proof of Lemma 3.2, we infer that 0, (ct,t) — +o0 as

t — 400, which is a contradiction to (4.3). This completes the proof of Lemma 4.2. O
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Lemma 4.3 For any ¢ € [0,s), there exists e5(c) > 0 such that, for any initial data
satisfying (ug,vo) € H with ug # 0 and vy # 0, the corresponding solution (u,v) of (3.19)
satisfies that

lim sup u(ct, t) > e4(c).

t——+oo

Proof The proof of Lemma 4.3 is similar to that of Lemma 4.2, so we omit it. O

Lemma 4.4 (Pointwise spreading) Assume that s < s. Then, for any (ug,vo) € H with
ug Z 0 and vy Z 0, for all ¢ € (s, s), there exists e4(¢) > 0 such that the corresponding solution
(u,v) of (1.1) satisfies that

liminf v(ct, t) > €4 (c).

t——+o0
Proof The method is the same as that of Lemma 3.4. Fixing ¢ € (s,s) and proceeding
by contradiction, we find an entire solution (ues,vso) of (3.19) such that v, (0,0) = # >0

and

Voo (ct, t) < ,Vt > 0. (4.7
Moreover, by Theorem 3.1, we have that

inf  weo(x,t) >0,

(z,t)ER?
which implies that u., = 1. Thus,
Qoo
T (@,8) = da [(Jo # vic) (,8) = v (@, )] 4 Pavee (@,6) [<1 4 b — v (2, ).
Since ¢ < s < s*, and by Proposition 3.3 and Assumption (H1), we have that
tilgrnoo Voo (ct, t) =b—1>0, (4.8)
which contradicts (4.7). This completes the proof of Lemma 4.4. O

Proof of Theorem 4.1 We fix n and argue by contradiction by assuming that there
exist {t, 1} and {z, x} with ¢, , — 400, as k — 400, and that

Tk € [(s+M)tn ks (S — 0)tn k)]s

such that
1
'Un(xn,katn,k) § -

for any positive integers n and k. However, applying Lemma 4.4, we have that

liminf v, ((s — n/2)t,t) > ea(s — n/2).

t——+o0

In particular, we define another time sequence as

T,k .
t’/n,,k = ﬁ S [O,t»mk), Vn > O, kEI-i,I-loo t{n,k = +00.
Then, applying Lemma 4.4, one has that
ea(s —n/2)
2
for any k large enough. For each n, we choose such a large k£ and drop it from our notation for

'Un(mmka t;z,k) 2

convenience. Then we can define that

Tp 1= SUP {t; <t <tplvg (ct,t) >

min{es(c),es(s —n/2)} }
2 )



No.3 M. Zhao & R. Yuan: PREDATOR-PREY SYSTEM WITH A SHIFTING HABITAT 1113

where e4(c) comes from Lemma 4.3. Similarly to the proof of Lemma 3.4, we have that
ty — T — +00, as n — +0o0.
We consider the functions
Un(z,t) = u(x + cTn, T + 1), On(z,t) =v(x+ cmp, T + 1), (4.9)

and

nh_}rglo Un(x,t) := a(x,t), nh_}rrgo Op(x,t) := 0(x,t).

Then we deduce that

min{e;(c), e4(s —n/2)} min{e;(c), e4(s —1/2)}
2 ’ 2

Regardless of whether v = 0 or v > 0, we reach a contradiction with either the result of

0(0,0) = 0(0,t) < , for all £ > 0.

Proposition 2.1, or Lemma 4.3. This completes the proof of Theorem 4.1. g
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